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REGIONALLY PROXIMAL RELATION OF ORDER d IS AN 

EQUIVALENCE ONE FOR MINIMAL SYSTEMS AND A 

COMBINATORIAL CONSEQUENCE 

SONG SHAO AND XIANGDONG YE 

o 

PsJ . Abstract. By proving the minimality of face transformations acting on the di- 

agonal points and searching the points allowed in the minimal sets, it is shown 
Q . that the regionally proximal relation of order d, RP' ', is an equivalence relation 

1/'^ I for minimal systems. Moreover, the lifting of RP' ' between two minimal systems 

is obtained, which implies that the factor induced by RP' ' is the maximal d-step 
nilfactor. The above results extend the same conclusions proved by Host, Kra and 
Maass for minimal distal systems. 

t^ I A combinatorial consequence is that if 5 is a dynamically syndetic subset of Z, 

^^ ■ then for each d > 1, 

^ ■ {(rii, ...,nd) eZ"^ : mei + • ■ • + naf-d e S,e^e {0, 1}, 1 < i < d} 

2 ' is syndetic. In some sense this is the topological correspondence of the result 

obtained by Host and Kra for positive upper Banach density subsets using ergodic 
methods. 

(N' 

> 

OO . 1. Introduction 

The background of our study can be seen both in ergodic theory and topological 
t^^ ■ dynamics. 

O. 1.1. Background in ergodic theory. The connection between ergodic theory and 

additive combinatorics was built in the 1970's with Furstenberg's beautiful proof of 
Szemeredi's theorem via ergodic theory [lOj. Furstenberg's proof paved the way for 

^ . obtaining new combinatorial results using ergodic methods, as well as leading to 

H ! numerous developments within ergodic theory. Roughly speaking, Furstenberg |10] 

proved Szemeredi's theorem via the following ergodic theorem: Let {X, B, fi, T) be 
a measure-preserving transformation on the probability space and let A E B with 
positive measure. Then for every integer ci > 1, 

lim inf — V u(A n T-"A n T-^"^ n . . . n T-'^^A) > 0. 

ra=0 
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2 Regionally proximal relation of order d 

So it is natural to ask about the convergence of these averages, or more generally 
about the convergence in L'^{X,fi) of the multiple ergodic averages 

1 ^-1 
-^/i(T"x).../,(T^"x), 

n=0 

where d> 1 is an integer, (X, B, /i, T) is a measure preserving system, and /i, . . . , /d G 
L°°(X, /i). After nearly 30 years' efforts of many researchers, this problem was finally 
solved in ^^W\- 

In their proofs the notion of characteristic factors plays a great role. Let's see 
why this notion is important. Loosely speaking, the Structure Theorem of |19[ [30] 
states that if one wants to understand the multiple ergodic averages 

N-l 

-5^/i(T"x).../,(T^'^x), 

n=0 

one can replace each function fi by its conditional expectation on some (i-step nil- 
system (1-step nilsystem is the Kroneker's one). Thus one can reduce the problem 
to the study of the same average in a nilsystem, i.e. reducing the average in an 
arbitrary system to a more tractable question. For example, von Neumann's mean 
ergodic theorem can be proved by using Kroneker's factor. Note that the multiple 
ergodic average for commuting transformations was obtained by Tao [26] using fini- 
tary ergodic method, see [3l |18| for more traditional ergodic proofs. Unfortunately, 
in this more general setting, the characteristic factors are not known up till now. 

In [19], some useful tools, such as dynamical parallelepipeds, ergodic uniformity 
seminorms etc., are introduced in the study of dynamical systems. Their further 
applications were discussed in [HI [201 HD [221 123]. Now a natural and important 
question is what the topological correspondence of characteristic factors is. The 
history how to obtain the topological counterpart of characteristic factors will be 
discussed in the next subsection. 

L2. Background in topological dynamics. In some sense an equicontinuous 
system is the simplest system in topological dynamics. In the study of topological 
dynamics, one of the first problems was to characterize the equicontinuous structure 
relation Seq{X) of a system (X, T); i.e. to find the smallest closed invariant equiva- 
lence relation R{X) on (X, T) such that (X/i?(X),T) is equicontinuous. A natural 
candidate for -R(X) is the so-called regionally proximal relation RP(X) [6]. By the 
definition RP(X) is closed, invariant, and reflexive, but not necessarily transitive. 
The problem was then to find conditions under which RP(X) is an equivalence 
relation. It turns out to be a difficult problem. Starting with Veech [27], various 
authors, including MacMahon |22] , Ellis-Keynes [S] , came up with various sufficient 
conditions for RP(X) to be an equivalence relation. For somewhat different ap- 
proach, see [2]. Note that in our case, T : X — )■ X being homeomorphism and 
(X, T) being minimal, RP(X) is always an equivalence relation. 

In [221 [23] the authors obtained a structure theorem for topological dynamical 
systems, which can be viewed as an analog of the purely ergodic structure theorem 
of [TOl [ini [30] . Note that previously the counterpart of "characteristic factors" in 
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topological dynamics was studied by Glasner [Ml [15] . In [221 ES] , for distal minimal 
systems a certain generalization of the regionally proximal relation is used to produce 
the maximal nilfactors. 

Here is the notion of the regionally proximal relation of order d defined in [22] . 

Definition 1.1. Let (X, T) be a system and let rf > 1 be an integer. A pair 
{x,y) G X X X is said to be regionally proximal of order d if for any 5 > 0, there exist 
x' ^y' G X and a vector n = (ni, . . . .rhd) G U^ such that d{x,x') < 6,d{y,y') < S, 
and 

ci(T""x', T"V) < 6 for any e G {0, l}"', e ^^ (0, . . . , 0), 

where n ■ e = X]j=i ^«^«- The set of regionally proximal pairs of order d is denoted 
by RP' '(X), which is called the regionally proximal relation of order d. 

It is easy to see that RP' '(X) is a closed and invariant relation for all d E N. 
When d = 1, RP' (X) is nothing but the classical regionally proximal relation. 
In [22], for distal minimal systems the authors showed that RP' (X) is a closed 
invariant equivalence relation, and the quotient of X under this relation is its max- 
imal (i-step nilfactor. So it remains the question open: is RP' (X) an equivalence 
relation for any minimal system? The purpose of the current paper is to settle down 
the question. 

1.3. Main results. In this article, we show that for all minimal systems RP^ (X) 
is a closed invariant equivalence relation and the quotient of X under this relation 
is its maximal (i-step nilfactor. 

Note that a subset S" of Z is dynamically syndetic if there are a minimal system 
(X, T), X E X and an open neighborhood U oi x such that S* = {n G Z : T"x G U}. 
Equivalently, S" C Z is dynamically syndetic if and only if S contains {0} and I5 is a 
minimal point of ({0, 1}^, a), where a is the shift map. A subset S of Z'^ is syndetic 
if there exists a finite subset F C Z*^ such that S + F = U^ . A combinatorial 
consequence of our results is that if 5 is a dynamically syndetic subset of Z, then 
for each (i > 1, 

{(rii, . . . , rid) G Z*^ : n^e^ + ■ ■ ■ + n^e^ eS,eie {0, l},l<i<d} 

is syndetic. In some sense this is the topological correspondence of the following 
result obtained by Host and Kra for positive upper Banach density subsets using 
ergodic methods. 

Theorem 1.2. [T^, Theorem 1.5] Let A C Z with d{A) > 5 > and let d E N, then 
{n = (ni,n2,...,n,)GZ'^:5( f| {A + e ■ n)^ > 6'"} 

eG{0,l}'* 

is syndetic, where d{B) denotes the upper density of B G Z. 

In [22] the authors showed that the regionally proximal relation of order d is 
an equivalence relation for minimal distal systems without using the enveloping 
semigroup theory except one known result that the distal extension between minimal 
systems is open (which is proved using the theory). In our situation we are forced 
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to use the theory. The main idea of the proof is the following. First using the 
structure theory of a minimal system we show that the face transformations acting 
on the diagonal points are minimal, and then we prove some equivalence condition 
for two point being regionally proximal of order d. A key lemma here is to switch 
from a cubic point to a face point. Combining the minimality and the condition we 
show that the regionally proximal relation of order d is an equivalence relation for 
minimal systems. Finally we show that RP^'^^ can be lifted up from a factor to an 
extension between two minimal systems, which implies that the factor induced by 
RP^ ^ is the maximal d-step nilfactor. 

We remark that many results of the paper can be extended to abelian group 
actions. 

1.4. Organization of the paper. In Section |2l we introduce the basic notions 
used in the paper. Since we will use tools from abstract topological dynamics, we 
collect basic facts about it in Appendix |Al In Section [3l main results of the paper 
are discussed. The three sections followed are devoted to give proofs of main results. 
Note that lots of results obtained there have their independent interest. In the final 
section some applications are given. 

1.5. Thanks. We thank V. Bergelson, E. Glasner, W. Huang, H.F. Li, A. Maass 
for help discussions. Particularly we thank E. Glasner for sending us his note on the 
topic, and H.F. Li for the very careful reading which helps us correct misprints and 
simplify some proofs. 

2. Preliminaries 

2.1. Topological dynamical systems. A transformation of a compact metric 
space X is a homeomorphism of X to itself. A topological dynamical system, re- 
ferred to more succinctly as just a system, is a pair {X,T), where X is a compact 
metric space and T : X — )■ X is a transformation. We use d{-, ■) to denote the metric 
in X. We also make use of a more general definition of a topological system. That 
is, instead of just a single transformation T, we will consider a countable abelian 
group of transformations. We collect basic facts about topological dynamics under 
general group actions in Appendix |Al 

A system {X, T) is transitive if there exists some point x G X whose orbit 
0{x,T) = {T"x : n G Z} is dense in X and we call such a point a transitive 
point. The system is minimal if the orbit of any point is dense in X. This property 
is equivalent to say that X and the empty set are the only closed invariant sets in 
X. 

2.2. Cubes and faces. Let X be a set, let rf > 1 be an integer, and write [d] = 
{1, 2, ... , d}. We view {0, 1}'^ in one of two ways, either as a sequence e = ei . . . e^ 
of O's and I's written without commas or parentheses; or as a subset of [d]. A subset 
e corresponds to the sequence (ei, . . . , e^) G {0, l}'' such that i G e if and only if 
ei = 1 for 2 G [d]. For example, = (0, 0, . . . , 0) G {0, l}*^ is the same to C [d]. 
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If n = (ni, . . . , nd) G Z'^ and e G {0, l}'^, we define 



d 
i=l 



If we consider e as e C [d], then n ■ e = Xliee "^j- 

We denote X^ by Xt'^l A point x G X^^^^ can be written in one of two equivalent 
ways, depending on the context: 

x = (x, :eG {0,1}"') = {x, : e C [d]). 

Hence a;0 = Xq is the first coordinate of x. As examples, points in X'-'^' are like 

(a:oo,a;io,a;oi,a;ii) = (a;0,a;{i},a;|2},a;{i_2}), 

and points in X™ are like 

(xqoO) 2:100, a^oio, 2:110, a^ooi! 3:ioij a:oii, a:iii) 

= (a;0, X{i}, X{2}, X{i,2}, Xg, Xji^g}, X{2,3} , a;{l,2,3})- 

For X G X, we write x^'^ = {x,x, . . . ,x) G X^'^. The diagonal of X^'^ is A^'^ = 
{x^'^ : X G X}. Usually, when d = 1, denote the diagonal by Ax or A instead of 
AW. 

A point X G X''^! can be decomposed as x = (x',x") with x',x" G X^'^"-'^], where 
x' = {x^o : e G {0, 1}'^""'^) and x" = {x^i : e G {0, l}'*"^). We can also isolate the first 
coordinate, writing Xi = X^ "^ and then writing a point x G X''^' as x = (a:0,x*), 
where x* = (xe : e 7^ 0) G Xi . 

Identifying {0, 1}'* with the set of vertices of the Euclidean unit cube, a Euclidean 
isometry of the unit cube permutes the vertices of the cube and thus the coordinates 
of a point x G X^'^. These permutations are the Euclidean permutations of X^'^. 

2.3. Dynamical parallelepipeds. 

Definition 2.1. Let (X, T) be a topological dynamical system and let c? > 1 be an 
integer. We define Q[^](X) to be the closure in X'^^^ of elements of the form 

(T""a: = T"^^i+-+"'*^'^a: : e = (ei, . . . , e^) G {0, 1}^), 

where n = (ni, . . . , Ud) G Z"* and x E X. When there is no ambiguity, we write Q,^'^ 
instead of Qf'^l(X). An element of Q['^1(X) is called a (dynamical) parallelepiped of 
dimension d. 

It is important to note that Q'^' is invariant under the Euclidean permutations of 

As examples, Qt^' is the closure in X^^l = X^ of the set 

{(x, T'^x, T"x, T^+^x) : X G X, m, n G Z} 
and Q[^] is the closure in X'^^ = X^ of the set 

{(x, T™x, T"x, T^+^x, T^x, T'^+Px, T^+^x, T'^+^+^x) : x G X, m, n,p G Z}. 
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Definition 2.2. Let (j) : X ^ Y and d e N. Define (j)^'^ : X^'^ -^ Y^"^ by (^''^Ix), = 
(pXe for every x G X''^' and every e C [d]. 

Let (X, T) be a system and rf > 1 be an integer. Tlie diagonal transformation of 
Xl'^l is tlie map Tl'^l 

Definition 2.3. Face transformations are defined inductively as follows: Let T^^' = 
T, T™ = id X T. If {T/~^^}^ti is defined already, then set 

Tl'^=Tl''~'^xTf-'\ je{l,2,...,d-l}, 

It is easy to see that for j E [d], the face transformation TJ . X^'^ ^ X^'^ can be 
defined by, for every x G X'^^l and e C [d], 

rpld]^ = / (^/^^)^ = ^^^' •^' ^ ^5 

\ (I^l'^lx), = x„ J ^ e. 

The /ace group of dimension d is the group J-'^'^'{X) of transformations of X'^^l 
spanned by the face transformations. The parallelepiped group of dimension d is the 
group Q^'^(X) spanned by the diagonal transformation and the face transformations. 
We often write J^^'^ and g^'^ instead of J^^'^{X) and ^'"^(X), respectively. For g^'^ 
and J-'l'^l, we use similar notations to that used for X^'^: namely, an element of either 
of these groups is written as S* = (S'^ : e G {0, l}"*). In particular, J'^'^ = {S E g^'^ : 
5*0 = id}. 



For convenience, we denote the orbit closure of x G X''^' under J-'^'^ by J-'['^](x), 
instead of C(x,J^M). 

It is easy to verify that Q}-'^ is the closure in X^'^ of 

{5x1^1 ■.SeJ'^'^KxeX}. 

If X is a transitive point of X, then Q'^1 is the closed orbit of a;'^' under the group 

g^'l 

2.4. Nilmanifolds and nilsystems. Let G be a group. For g,h E G, we write 
[g, h] = ghg^^h^^ for the commutator of ^f and h and we write [A, B] for the subgroup 
spanned by {[a, 6] : a G A,6 G B}. The commutator subgroups Gj, j > 1, are 
defined inductively by setting Gi = G and Gj+i = [Gj, G]. Let /c > 1 be an integer. 
We say that G is k-step nilpotent if Gfc+i is the trivial subgroup. 

Let G be a /c-step nilpotent Lie group and F a discrete cocompact subgroup of 
G. The compact manifold X = G/T is called a k-step nilmanifold. The group G 
acts on X by left translations and we write this action as {g,x) i— )■ gx. The Haar 
measure /x of X is the unique probability measure on X invariant under this action. 
Let T E G and T be the transformation x i— )■ rx of X. Then {X,T,fi) is called a 
basic k-step nilsystem. When the measure is not needed for results, we omit and 
write that (X, T) is a basic A;-step nilsystem. 

We also make use of inverse limits of nilsystems and so we recall the definition 
of an inverse limit of systems (restricting ourselves to the case of sequential inverse 
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limits). If (Xj,Tj)jgi^ are systems with diam{Xi) < 1 and 0j : Xj+i — )■ Xj are factor 
maps, the inverse limit of the systems is defined to be the compact subset of HieN -^i 
given by {(xj)igN : 0i(a^j+i) = Xi,i & N}, which is denoted by hm{Xj}jgN- It is a 

compact metric space endowed with the distance d{x,y) = J^ien^f^^^ii^i^yi)- We 
note that the maps {Tj} induce a transformation T on the inverse limit. 

Theorem 2.4 (Host-Kra-Maass). |22j Theorem 1.2] Assume that {X,T) is a tran- 
sitive topological dynamical system and let d > 2 be an integer. The following 
properties are equivalent: 

(1) If x,y G Qt"'](X) have 2"^ — 1 coordinates in common, then x = y. 

(2) If x,y G X are such that {x,y, . . . ,y) E Q['^](X), then x = y. 

(3) X is an inverse limit of basic {d — l)-step minimal nilsystems. 

A transitive system satisfying either of the equivalent properties above is called a 
{d — l)-step nilsystem or a system of order [d — 1). 

2.5. Definition of the regionally proximal relations. 

Definition 2.5. Let {X,T) be a system and let rf > 1 be an integer. A pair 
{x,y) E X xX is said to be regionally proximal of order d if for any S > 0, there exist 
x',y' G X and a vector n = (^i, . . . ,nd) G Z'^ such that d{x,x') < S,d{y,y') < 6, 
and 

diT'^'^x' jT^'^y') < S for any nonempty e C [d]. 

(In other words, there exists S G J-'^'^ such that d{S^x', S^y') < 5 for every e 7^ 0.) 
The set of regionally proximal pairs of order d is denoted by RP^ ^ (or by RP^ \X) 
in case of ambiguity), which is called the regionally proximal relation of order d. 

It is easy to see that RP^ ^ is a closed and invariant relation for all c? G N. Note 
that 

. . . C Rpl'^+i] C RPI'^1 C . . . Rp[2] C Rp[i] = RP(X). 

By the definition it is easy to verify the following equivalent condition for RP^ \ 
see [221. 



Lemma 2.6. Let {X,T) be a minimal system and let d > 1 be an integer. Let 
x,y E X. Then {x,y) E RP''*' if and only if there is some a,,, E Xi such that 
(x,a„y,a,) gQ['^+i]. 

Remark 2.7. When d = 1, RP' ' is the classical regionally proximal relation. If 
(X, T) is minimal, it is easy to verify directly the following useful fact: 

(x, y) eRP = RPW ^ {x, X, y, x) E Q^^l ^ {x, y, y, y) E Q'^1 

3. Main results 
In this section we will state the main results of the paper. 
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3.1. J-'t'^l-minimal sets in Q}-'^. To show RP' ' is an equivalence relation we are 
forced to investigate the J-'t'^l -minimal sets in Q'"^! and the equivalent conditions for 
RP' K Those are done in Theorem 13. II and Theorem 13.21 respectively. 

First recall that {Q,^'^,Q^'^) is a minimal system, which is mentioned in [22]. But 
we need to know J-'l'^l-minimal sets in Ql'^l. Let (X,T) be a system and x ^ X. 
Recall that ^(x) = 0(x,J^M) for x e X^'^l Set 

QM[x] = {zeQl''l(X):20 = x}. 

Theorem 3.1. Let {X,T) be a minimal system, and d eN. Then 

(1) (J^['^l(x['^l), J^l'^l) is minimal for all x e X . 

(2) (J^['^l(a;['^l), J-'l'^l) is the unique J-'^'^ -minimal subset in Q}-'^[x] for all x E X. 

3.2. RP^ ' is an equivalence relation. With the help of Theorem 13.11 we can 
prove that RP' ' is an equivalence relation. First we have the following equivalent 
conditions for RP^'^l 

Theorem 3.2. Let {X,T) be a minimal system and d E N. Then the following 
conditions are equivalent: 

(1) ix,y)ERP^''\- 

(2) {x,y,y,...,y) = {x,y^f^'^)E^^; 

(3) {x, y,y,...,y) = {x, yl'^+^l) E ^['^+i](x['^+^l). 

Proof. (3) =^ (2) is obvious. (2) =^ (1) follows from Lemma [2.61 Hence it suffices to 
show (1) => (3). 

Let {x,y) E RP^ ^. Then by Lemma 12.61 there is some a,,, E Xi such that 
(x, a*,j/,a*) E Ql'^+^l. Observe that (y,a^,) E Qf^'l By Theorem 13.11 (2). there is a 
sequence {Fk} C J-'^^'^ such that Fk{y, a*) — )■ y^''-\ A; — )■ oo. Hence 

Fk X Fk{x, a,, y, a,) -^ {x, y]f^, y, yf) = {x, y]f+^^), k ^ oo. 

Since Fk x Fk E J^l'^+^l and (x,a,,|/,a,) E Q^'^+^\ we have that {x,y]f^^^) E Q^'^+^l 

By Theorem 13.11 (1). y[°'+y is J-'['^"'"^l-minimal. It follows that {x,yi ) is also 
jrM+iLminimal. Now (x^yl^^^^) E Q^'^+'^^x] and by Theorem O- (2), (J^['^+il(x['^+il)>-^^'^^^^ 
is the unique J^t'^+^^-minimal subset in Q['^+^][x]. Hence we have that {x,yi ) E 
jr[d+i] ^j.ld+1]^ ^ and the proof is completed. D 



By Theorem 13. 2[ we have the following theorem immediately. 

Theorem 3.3. Let {X,T) be a minimal system and d E N. Then Rpf'^^(X) is an 
equivalence relation. 

Proof. Let {x,y), {y,z) E RP^ (X). By Theorem 13.21 we have 



{y, x,x,...,x),iy,z,z,...,z)E ^t'^+^l (yt'^+^l). 



By Theorem O (J'['='+i](y['^+i]), J'1'^+^1) is minimal, it follows that {y, z,z,...,z) E 
'W+^iy, X, X, . . . , x). Thus (x, z,z,...,z) E J^[°!+i](x[^+il). By Theorem [321 (x, z) E 
RP['^1(X). D 
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Remark 3.4. By Theorem 13.21 we know that in the definition of regionally proximal 
relation of d, x' can be replaced by x. More precisely, {x,y) E RP^ ' if and only if 
for any 5 > there exist y' E X and a vector n = [rii, . . . , Ud) G Z'^ such that for 
any nonempty e C [d] 

d{y, y') < 5 and t/(T""x, T'^'y') < 5. 

3.3. RP' ' and nilfactors. 5 C Z is thick if it contains arbitrarily long runs of 
positive integers, i.e. there is a subsequence {rii} of Z such that S D \J^i{ni,ni + 
l,...,ni + z}. 

Let {hi}i(zi be a finite or infinite sequence in Z. One defines 

FS{{hi\i(zi) = < 2. &j : a is a finite non-empty subset of / J- 

Note when I = [rf], 

FS{{k]U) = {Y.^^e^ ■■ ' = (^0 e {O,l}M0}}. 

F is an IP set if it contains some FS{{pi}'^^), where pi G Z. 

Lemma 3.5. Lei^ (X, T) 6e a system. Then for every d E N, the proximal relation 

P(X) CRp['^l(X). 

Proof. Let {x,y) E P(X) and 5 > 0. Set 

Ns{x,y) = {nEZ: d{T'^x,T'^y) < 5}. 

It is easy to check Ns{x,y) is thick and hence an IP set. From this it follows that 
P(X) C Rp['^](X). More precisely, set FS{{pi}°Zi) ^ Ns{x,y), then for any dEN, 

cl(TP'^i+-+Pci^dx, TP^'^+-+P'i'''y) <6, e = (ei, . . . , e^) G {0, 1}^ e ^ (0, . . . , 0). 
That is, (x, y) E RP^^'l for all dEN. D 

The following corollary was observed in ^23j for d = 2. 
Corollary 3.6. // (X, T) is a weakly mixing system, then for every dEN, 

Rp[^l = X X X. 



Proof. Since a system (X, T) is weakly mixing if and only if P(X) = X x X (see 
[T] ) , so the result follows from Lemma 13.51 D 

We remark that more interesting properties for weakly mixing systems will be 
shown in Theorem 13.111 in the sequel. 

Proposition 3.7. Let (X, T) be a minimal system and dEN. Then RP' ^ = A if 
and only if X is a system of order d. 

Proof. It follows from Theorem 13.21 and Theorem 12.41 directly. D 
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3.4. Maximal nilfactors. Note that the hfting property of RP^ ^ between two 
minimal systems is obtained in the paper. This result is new even for minimal distal 
systems. 

Theorem 3.8. Let vr : (X, T) -)■ {Y,T) be a factor map and rf G N. Then 

(1) n X 7r(Rp['^](X)) C Rp[^l(F); 

(2) if{X,T) IS minimal, then tt x 7r(Rp[^l(X)) = Rp['*l(r). 

Proof. (1) It follows from the definition. 

(2) It will be proved in Section El □ 

Theorem 3.9. Let n : {X,T) — )■ {Y,T) be a factor map of minimal systems and 
d E N. Then the following conditions are equivalent: 

(1) (Y,T) is a system of order d; 

(2) RP['^1(X) cR^. 

Especially the quotient of X under RP^ (X) is the maximal d-step nilfactor of X, 
i.e. any d-step nilfactor of X is the factor o/X/RP' \X). 

Proof. Assume that (Y, T) is a system of order d. Then we have RP' {Y) = Ay by 
Proposition 13.71 Hence by Theorem 13.81 (1). 

RpM(X) c (tt X 7r)-i(Ay) = K. 

Conversely, assume that RPf'^^ (X) C Rj^. If (Y, T) is not a system of order rf, then 
by Proposition 1321 RP''^l(r) ^ Ay. Let (yi,y2) G RPf'^^Ay. Now by Theorem EH 
there are Xi,X2 G X such that (xi,X2) G RP''^'(X) with (tt x 7r)(a;i,X2) = {yi,y2)- 
Since tc{xi) = yi ^ y2 = 7r(x2), (xi,X2) ^ Rw This means that Rpf°'^(X) ^ R^,, a 
contradiction! The proof is completed. D 

Remark 3.10. In [221 Proposition 4.5] it is showed that this proposition holds for 
minimal distal systems. 



3.5. Weakly mixing systems. In this subsection we completely determine Q 
and J-'['^](x['^l) for minimal weakly mixing systems. 

Theorem 3.11. Let (X, T) be a minimal weakly mixing system and d> 1. Then 

(1) (Q['^l,^['^]) IS minimal and Qt'^l = X^'^; 

(2) For all x e X, (J^['^l(a;''^l), J^''^') is minimal and 



[d] 



jr[d](a;M) = {x} X Xl'^^ = {x} x X^-\ 

Proof. The fact that (Qt*^^, Q^'^) is minimal and Qf-*^ = X'*^' is followed from (2) easily. 
Hence it suffices to show (2). 

We will show for any point of x G X^'^'^ with X0 = x, we have 



J-M(x) = {a;}xXl'^], 

which obviously implies (2). First note that it is trivial for d = 1. Now we assume 
that it holds for d — 1, d > 2. 

Let X = (x', x") G Ql'^l Since (X, T) is weakly mixing, (Xl'^^^l, Tl'^-^l) is transitive 
(see mi). Let a G X''^^^' be a transitive point. By the induction for d — 1, Q''^"^' = 
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X^'^ 1] is ^M -minimal. Hence a G 0(x", Q^'^ ^1) and there is some sequence Fk G J-"'*^' 
and w G X^'^~^'^ such that 

FfcX = Ffc(x', x") ^ (w, a), k^ oo. 



Especially (w,a) G J'['^l(x). Note that 



(T]''T(w,a) = (w, (T^-^-^ra) G J-M( 

We have 

{w}xC(a,T['^-^]) C J^M(x) 

And so 



X . 



(3.1) {w} X Xt'^-i] = {w} X C(a,r['^-il) C J^M(x). 

By the induction assumption for c? — 1, w is minimal for J^^'^'^^^ action and 

(3.2) 7i^^(w) = C(w,J^[^-il) = {x} X Xl^-^l. 
By acting the elements of J-'t^^ on (13. ip . we have 



(3.3) C(w,J^['^-^l) X Xt'^-^] C J^M(x). 

By (O and ([SJD, we have 



{x} X Xt'^-^l X Xl'^-^l = {x} X Xf C J^M(x). 
This completes the proof. D 

4. J't'^-MINIMAL SETS IN QI'^' 

In this section we discuss J-'t'^^-minimal sets in Q'"^' and prove Theorem 13.11 (1). 
First we will discuss proximal extensions, distal extensions and weakly mixing ex- 
tension one by one. They exhibit different properties and satisfy our requests by 
different reasons. After that, the proof of Theorem 13. 11 (1) will be given. The proof of 
Theorem 13. 11 (2) will be given in next section. For notions which are not mentioned 
before see Appendix \K\ 

4.1. Idea of the proof of Theorem 13. 11 - ( 1 ) . Before going on let us say something 
about the idea in the proof of Theorem 13.11 (1). By the structure theorem IA.61 for 
a minimal system (X, T), we have the following diagram. 

Xqo y X 



Y 

-'■ oo 

In this diagram Y^o is a strictly PI system, is weakly mixing and RIC, and tt is 
proximal. 

So if we want to show that (J^['^](x['^]), J-"''^') is minimal for all x G X, it is sufficient 
to show it holds for X^o- By the definition of X^o and Fqo, it is sufficient to consider 
the following cases: (1) proximal extensions; (2) distal or equicontinuous extensions; 
(3) RIC weakly mixing extensions and (4) the inverse limit. Since the inverse limit 
is easy to handle, we need only focus on the three different extensions. 
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4.2. Properties about three kinds of extensions. In this subsection we collect 
some properties about proximal, distal and weakly mixing extensions, which will 
be used frequently in the sequel. As in Appendix lAj (X, T) is a system under the 
action of a topological group T, and E{X, T) is its enveloping semigroup. 

The following two lemmas are folk results, for completeness we include proofs. 

Lemma 4.1. Let n : {X, T) — ?■ (V, T) he a proximal extension of minimal systems. 
Letx E X,y = n{x) and let xi,X2, . . . ,Xn E 7i~^{y). Then there is somep G E{X, T) 
such that 

pxi = px2 = . . . = pxn = X. 
Especially, when x = Xi, we have that (xi, X2, . . . , Xn) is proximal to {x,x, . . . , x) in 

{x\r). 

Proof. Since (xi, X2) E R^ CI P{X, T), by Proposition lA.3l there is some p G E{X, T) 
such that pxi = px2- 

Now assume that for 2 < j < n — 1, there is some pi G E{X,T) such that 
PiXi = P1X2 = . . . = piXj. Since Rt, is closed and invariant and (xj,Xj+i) G Rt^, 
{piXj,piXj^i) G -Rtt C P(X, T). So by Proposition IA.3I there is p2 G E{X,T) such 
that P2{piXj) = P2{PiXj+i). Let p = P2P1, then we have 

pxi = px2 = . . . = pXj = pXj+i. 

Inductively, there is some p G E{X, T) such that 

pXi = pX2 = . . . = pXn- 

Since {X, T) is minimal, we can assume that they are equal to x. 
If Xi = X, then pxi = px2 = . . . = px„ = x = Xi and hence 

p{xi,X2, ...,Xn) = {x,X,...,x)= p{x, X,...,x). 

That is, (xi, X2, . . . , x„) is proximal to (x, x, . . . , x) in (X", T). □ 

Lemma 4.2. Let tt : {X,T) — )■ (^, T) be a distal extension of systems. Then for 
any x E X, if 7r{x) is minimal in {Y,T), then x is minimal in (X, T). Especially, 
if [Y, T) is semi-simple (i. e. every point is minimal), then so is (X, T) . 

Proof. Let x G X and y = tt{x). Since y is a minimal point, by Proposition IA.2I 
there is some minimal idempotent u G E{X,T) such that uy = y. Then tt{ux) = 
UTc{x) = uy = y. Hence mx,x G 7i~^{y). Since (ux,x) G P(X, T) (Proposition IA.3P 
and TT is distal, we have ux = x. That is, x is a minimal point of X by Proposition 
\M\ D 

Now we discuss weakly mixing extensions. We need Theorem 14. 3[ which is a 
generalization of p^ Chapter 14, Theorem 28]. Note that in [T71 Theorem 2.7 and 
Corollary 2.9] Glasner showed that -R" is transitive. So Theorem 14.31 is a slightly 
strengthen of the results in [T7]. Since its proof needs some techniques in the en- 
veloping semigroup theory, we leave it to the appendix. 

Theorem 4.3. Let tc : (X, T) — t- {Y, T) be a RIC weakly mixing extension of 
minimal systems, then for all n > 1 and y E Y , there exists a transitive point 

(Xi,X2,...,X„) o/i?" with Xi,X2,...,Xn G 7r"^(|/). 
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Note that each RIC extension is open, and vr : X — t- F is open if and only if 
Y — 7- 2^,y I— > 7i^^{y) is continuous, see for instance [21]. Using Theorem 14.31 we 
have the following lemma, which will be used in the sequel. 

Lemma 4.4. Let it : {X, T) — )■ {Y, T) be a RIC weakly mixing extension of minimal 
systems of (X, T) and {Y, T). Then for each y (zY and d > 1, we have 

(1) {n~'{y)f = {n-\y)fcQ^'^{X), 

(2) for all X G X^'^ with x% = x and 7r['^l(x) = y''^! 

{x] X {-K-'iy))^'^ = {x} X {n-\y)f-' C 7M(x). 

Proof. The idea of proof is similar to Theorem 13.111 When d = 1, for any {x,x') G 
XW = X X X, ym(x,x') = 0{{x,x'),id x T) = {x} x X and QW(^) = X x X. 
Hence the results hold obviously. Now we show the case for d = 2. Let x = 
{xi,X2,X3,X4) G X'^l with TT^'^^{xi,X2,X3,X4) = t/I^l By Theorem 14. 3 [ there is a 
transitive point (a, b) of {R^, T xT) with 7r(a) = Ti{b) = y. Since (X, T) is minimal, 
there is some sequence {ui} C Z such that T"'X3 — )■ a,i — )■ oo. Without loss of 
generality, assume that T'^^x^ -^ x'^^i -^ oo for some x'^ G X. Since 7r(a) = y, 
7r(x4) = y too. So 

(4.1) (id X id X T X T)"'(xi,a;2,a;3, X4) — )■ (xi, X2, 0,0:4), i — )■ 00. 

Since (X, T) is minimal, there is some sequence {rrti} C Z such that T^^x'^ -^ b,i -^ 
00. Without loss of generality, assume that T"^'X2 — ;■ X2,i — )■ cxd for some x'2 G X. 
Since 7i{b) = y, 71(0:2) = y too. So 

(4.2) (id X T X id X T)'^'(xi, 0:2, 0,^4) -)■ (xi,X2,a,6), i -)■ 00. 
Hence by (glD and (H^D, 



(4.3) (xi,x'2,a,6) G J^[2](x). 

Thus for all n G Z, 



(xi,x^,r"a,r"6) = (id X id X T X r)"(xi,x^, a, 6) G J^[2l(x) 
Since (a, 6) is a transitive point of {R-j^^T x T), it follows that 



(4.4) {xi} X {4} X 7r-i(y) X 7r-i(y) C {x^} x {x'^} x R^ C J'[2l(x) 

Now we show that 



(4.5) {xi} X n-\y) x n'^y) x n'^y) = {x^} x {7r-\y))^ C ^[2](x). 

For any z G 7[^^{y), there is a sequence ki G 1^ such that T^^x^ -^ z,i ^ 00. 
Thus T'^'y = T'^'n{x'2) = t:{T^'x'2) -^ t^{z) = y,i -^ 00. Since vr is open, we have 
T^'Tr^^{y) = -K^^(T^^y) — )■ 7T^^{y),i — )■ 00 in the Hausdorff metric. Thus 

{xi} X {z} X 'K-\yf C U,^i(id x T x id x T)'=«({xi} x {x'2} x Tr-^yf) C ^^(x). 

Since z is arbitrary, we have (14. 5p . Similarly, we have (7r~^(t/)) C Q[2l(X) and we 
are done for d = 2. 

Now assume we have (1) and (2) for d — 1 already, and show the case for d. Let 
X G X''^! with X0 = X and 7r['^](x) = y^'^\ 
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Let X = (x',x"). Since n is weakly mixing, {R^. ^T''^"^') is transitive. By 
Theorem 14.31 there is a G -R^ which is a transitive point of {R^ ,Tt"'^^]) and 
7i^'^~^^(si) = y^'^~^\ Without loss of generality, we may assume that a© = Xg (i.e. 
the first coordinate of a is equal to that of x"), otherwise we may use the face 
transformation id^ ~^^ x T^'^~^'^ to find some point in J-'['^](x) satisfying this property. 

By the induction assumption for d — 1, 

Hence there is some sequence Fk E J-'^'^~^^ and w G X^'^"^'^ such that 
Ffc X Ffc(x) = Ffc X Ffc(x', x") ^ (w, a), /c -> cx). 



Especially (w,a) G J'[^l(x). Since 7r['^](x) = y'^^' and n^'^ ^\a.) = y^'^^^\ it is easy to 
verify that 'k'^'^^^\w) = yt'^'^ and Wij, = x. Note that 

(Tf )"(w,a) = (w, (T['^-il)"a) G ^^(x). 

We have 

{w}xC(a,r['^-^]) c7i^(x). 

And so 

2d-l 



(4.6) {w} X (7r-^(y)) C{w}x/?f ={w}xO(a,T[^-i]) C J-M(x). 

By the induction assumption for d — 1, for w we have 



(4.7) {x} X {n~\y)) ' C J^[^-il(w). 

Hence for all z G {a;} x (7r~^(y)) , there is some sequence [Hk] C J-'t'^'^^ such 

that iffcW -^ z,k ^ oo. Since vr is open, similar to the proof of (14. 5p . we have that 

Hk {n-'^{y)f -^ (n-^^y))^ ,k -^ oo. Hence 

Hk X Hk ({w} X {n-\y)y ) ^ {z} x (n-'iy))'"" ,k-^oo. 

Since H^ x iJ^ G J-'''^' and z G {a;} x (7r^^(y)) is arbitrary, it follows from 

(USD that 

{x} X (7r-i(y))''"-' X (7r-i(y))''" = {x} x (Tr-^d/))''-' C ^^(x). 

Now by this fact it is easy to get {7c^\y)f'^^ = in-\y)f C Q[''](X). So (1) and (2) 
hold for the case d. This completes the proof. D 

In fact with a small modification of the above proof one can show that R^ C 
Q['^1(X). We do not know if {x} x Rl"-^ c 7i^(x). 

4.3. Proof of Theorem I3.1I -(1). A subset 5 C Z is a central set if there exists 
a system (X, T), a point x G X and a minimal point y G X proximal to x, and a 
neighborhood Uy of y such that N{x, Uy) C 5. It is known that any central set is 
an IP-set [HI Proposition 8.10.]. 

Proposition 4.5. Let tt : (X, T) — )■ {Y,T) be a proximal extension of minimal 
systems andd G N. //(J'M(?/1'^]), J't'^l) is minimal for ally G Y, then (J'M(xl'^]), J't'^l) 
zs minimal for all x E X . 
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Proof. It is sufficient to show that for any x G J-'^'^'^ {x^'^) , we have x^'^ E J-'['^](x). 
Let y = n(x). Then by the assumption {J-'^'^^ {y^'^) , J-'^^) is minimal. Note that 
^[d] . (j:'M(^3;M)^ jr[d]^ _v. (j^M(yH)^ j^Ml) is a factor map. Especially there is some 
y G J^(y[^]) such that 7r["'l(x) = y. 



Since y G J-'^'^^ (y^"^') and (J-'^'^^ (y^"^') , J-''-'''') is minimal, there is some sequence Fk G 
J^l^l such that 

FkY ^y^'^\ k-^oo. 
Without loss of generality, we may assume that 

(4.8) FfcX -)■ z. A; -)■ oo. 

Then 7r[^l(z) = limfc7r['^l(Ffcx) = hm^ F^y = y^'^l That is, 

z,en-\y), VeG{0,l}^. 

Since vr is proximal, by Lemma [4.11 there is some p G E{X, T) such that 

pz^ = px = X, Ve G {0, l}''. 

That is, pz = x^'^^ = px^'^, i.e. z is proximal to x^'^ under the action of T^'^. Since 
a;M is T^'^l-mininial, for any neighborhood U of x'*^', 

Ntw{z,V) = {neZ: {T^'^Y^ G U} 

is a central set and hence contains some IP set FS{{pi}'^^). Particularly, 

FSi{p,}U)CNT,,,{z,V). 

This means for all e G {0, 1}°', 

(2-[d])P-^2 G U, 

where p = (pi,P2, ■ ■ ■ ,Pd) £ 'Z'^- Especially, 
In other words, we have 



Since U is arbitrary, we have that x^'^ G J^['^](z). Combining with (14. Sp . we have 



Thus (J-'['^l(x['^l), J-'t'^l) is minimal. This completes the proof. D 

Proposition 4.6. Let tx : (X, T) — )■ (1^, T) &e a distal extension of minimal systems 
and den. If (^(yl"^]), J^l'^1) is minimal for all y e Y, then (^(x^'^l). J^''^') is 
minimal for all x E X . 



Proof. It follows from Lemma SSI since vrl'^l : {J^\-'^{x^'^),J^^'^) -^ (J^M(y['^l), J^I'^1) is 
a distal extension. D 

Proposition 4.7. Let tt : {X,T) — )■ (1^, T) 6e a RIC weakly mixing extension of 
minimal systems and d E N. If (J-'^'^^y^^'^) , J-'^'^) is minimal for all y E Y, then 
(J-'['^](xt'^]), J-'t'']) is minimal for all x E X. 
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Proof. It is sufficient to show that for any x G J-'^'^'^ {x^'^) , we have x^'^ E J-'['^](x). 
Let y = n(x). Then by the assumption (J-'^'^^ (y^'^) , J-'^^) is minimal. Note that 
^[d] . (j:'M(^3;M)^ jr[d]^ _v. (j^M(yH)^ j^Ml) is a factor map. Especially there is some 
y G J^(y[^]) such that 7r["'l(x) = y. 



Since y G J-'^'^^ (y^"^') and (J-'^'^^ (y^"^') , J-''-'''') is minimal, there is some sequence Fk G 
J^l^l such that 

FkY ^y^'^\ k-^oo. 
Without loss of generality, we may assume that 

(4.9) FfcX -)■ z. A; -)■ oo. 

Then 7r[^l(z) = limfc7r['^l(Ffcx) = lim^ F^y = y^'^l By Lemma 1131 



X 



[d] 



2"-! 



G{x}x (7r-i(y)) C^I'^Kz 



Together with (14. 9p . we have x^"'^ G J-'['^l(x). This completes the proof. D 

Proof of Theorem 13. ll -(l): By the structure theorem IA.6t we have the following 
diagram, where Foo is a strictly Pl-system, is RIC weakly mixing extension and vr 
is proximal. 

Xoo > X 



Y 

Since the inverse limit of minimal systems is minimal, it follows from Propositions 
14.5114.61 that the result holds for Foo- By Proposition 14. 71 it also holds for Xoo. Since 
the factor of a minimal system is always minimal, it is easy to see that we have the 
theorem for X. D 

4.4. Minimality of {Q}-'^ , Q^'^) . We will need the following theorem mentioned in 
[22] . where no proof is included. We give a proof (due to Glasner-Ellis) here for 
completeness. Note one can also prove this result using the method in the previous 
subsection. 

Proposition 4.8. Let {X,T) be a minimal system, and let d > 1 be an integer. Let 
A be a T^'^ -minimal subset of X^'^ and set N = C(A,J^M) = cl(U{'^^ ■.SeT^'^}). 
Then {N,Q^^) is a minimal system, and J-'^'^ -minimal points are dense in N. 

Proof. The proof is similar to the one in ^U\. Let E = E(N, Q^'^) be the enveloping 
semigroup of {N, Q^'^). Let n^ : N ^ X he the projection of N on the e-th compo- 
nent, e G {0, 1}°'. We consider the action of the group G^"^ on the e-th component 
via the representation T^'^' h-)> T and 

rp[d] ^ f T, j ee; 



'' I id, J^e. 

With respect to this action of Q^'^ on X the map vr^ is a factor map vr^ : {N, Q^'^) — )■ 
(X,Q^'^). Let 71* : E(N,Q^'^) — > E{X,Q^''^) be the corresponding homomorphism of 
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enveloping semigroups. Notice that for this action of Q^"^' on X clearly E(X, Q^'^') = 
E{X,T) as subsets of X^. 

Let now u E E{N,T^^) be any minimal idempotent in the enveloping semigroup 
of {N,T^^). Choose v a minimal idempotent in the closed left ideal E(N,Q^'^)u. 
Then vu = v, i.e. v <l u. Set for each e G {0, l}*^, u^ = 7i*u and v^ = 7i*v. We 
want to show that also uv = u, i.e. u <l v. Note that as an element of E{N^ Q^'^) is 
determined by its projections, it suffices to show that for each e G {0, l}'^, u^v^ = u^. 

Since for each e G {0, l}*^ the map tt* is a semigroup homomorphism, we have 
v^Ue = Ve a.s VU = V. In particular we deduce that v^ is an element of the minimal 
left ideal of E{X,T) which contains u^. In turn this implies 

and it follows that indeed uv = u. Thus u is an element of the minimal left ideal of 
E{N^ ^['^J) which contains f , an therefore m is a minimal idempotent of E{N^ Q^'^'^)- 

Now let X be an arbitrary point in A and let u G E{N^T^'^'^) be a minimal idem- 
potent with ux = X. By the above argument, u is also a minimal idempotent of 
E{N, ^M), whence N = 0(A^W^ = 0(x^W^ is ^I'^l -minimal. 

Finally, we show J-'''^' -minimal points are dense in N. Let 5 C A^ be an J^^'^^- 
minimal subset. Then 0{B,T^'^^) = U{(T['^1)"5 : n G Z} is a ^I'^l -invariant subset 
of A^. Since {N,Q^'^) is minimal, 0{B,T^'^) is dense in A^. Note that every point in 
0{B,T^'^) is J-'['^Lniinimal, hence the proof is completed. D 

Setting A = A^'^' we have 

Corollary 4.9. Let (X, T) be a minimal system, and let d > 1 be an integer. Then 
(Q''^',^^°'0 ^^ ^ minimal system, and J-'^'^ -minimal points are dense in Q''^'. 

5. Proof of Theorem 13. II - (2) 



In this section we prove Theorem 13.11 (2). That is, we show that (J-'^'^^ (x^'^'^) , J-'^'^) 
is the unique J-" t^'l -minimal subset in Qt"'][2;] for all x E X. 

5.1. A useful lemma. The following lemma is a key step to show the uniqueness 
of minimal sets in Q''^l[a;] for x E X. Unlike the case when (X, T) is minimal distal, 
we need to use the enveloping semigroup theory. 

Lemma 5.1. Let (X, T) be a minimal system and let d > 1 be an integer. If 
(x^'^~^\v/) E Qf"'l(X) for some w G X^'^^-^J and it is J-'^'^ -minimal, then 



,[d-l] 



Proof. Since (x^'^^^\v/) E Q['*1(X) and {Q}-'^,Q^'^) is a minimal system by Corol- 
lary 14. 9[ (xt'^^^],w) is in the ^''^'-orbit closure of x^'^, i.e. there are sequences 
{nk}k, {nl}k, • • • , {ni}k ^ Z such that 

Let 
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then the above hmit can be rewritten as 

(5.1) (Tj'^])"Hak,ak) = {iS'~'^ x T^^''^' i^^, ^i.) ^ (^""'',w), k ^ oo. 

Let 

VTi : (XM,^[^1) ^ (Xt'^-i], J-M), (x',x") ^ x', 

7r2 : (X['^],^[^]) ^ (X['^-i],^['^]), (x',x") ^ x", 

be projections to the first 2°'"^ coordinates and last 2*^"^ coordinates respectively. 
For TTi we consider the action of the group J-'^^ on X^"'"^! via the representation 
T^ i-^ T- ~ ioT 1 < i < d — 1 and TJ i— )■ id' ~^K For 7r2 we consider the action of 
the group J-'f"'^ on X^^^'^'^ via the representation T^ m— )■ T^ for 1 < i < rf — 1 and 

Denote the corresponding semigroup homomorphisms of enveloping semigroups 

by 

TT* : E(X['^],J^[^1) ^ E(X['^-i],J^['^), 712* : E{X^'^,T^^^) -^ E{X^'^-^\T^^^). 
Notice that for this action of J-''-'^' on X'-'^"'^' clearly 

7ri*(£;(x[^i,j^['^])) = E(x[^-^i,j^[^-ii) and tt;{e{x^^\t^'^^)) = E{x^'^-^\g^^-^^) 

as subsets of (x^^'-i])^""". Thus for any p e E(X[°'], J^'^l) and x e X^"'!, we have 

px = p(x', x") = (7r*(p)x', vr;(p)x"). 

Now fix a minimal left ideal L of E(X[^1, J^I'^1). By ([5ll]), ak -^ x^'^-^\k ^ cx). 
Since {Q,^'^^^^ (X) , Q^'^^^^) is minimal, there exists pk Eh such that a^ = iT2{pk)x^'^~^^. 
Without loss of generality, we assume that pk ^ p eL. Then 

n*2{pk)x^'^-^^ = ak ^ x'^-^l and 7T;{pk)x^'^~^^ -^ 7i;{p)x^'^-^l 

Hence 

(5.2) 7r2*(p)a;[^-^l =a;[^-^l. 

Since L is a minimal left ideal and p G L, by Proposition lA.ll there exists a 
minimal idempotent v G J(L) such that vp = p. Then we have 



n;{v)x^'^-^^ = n;{v)n;{p)x^'^-^^ = n;{vp)x^'^'^^ = n;{p)x^- - = x^' 



Let 



F = 0(J^['^-i](x['^-i]),a;[^-^l) = {a G t;L : 7r;{a)x^'^'^^ = x^'^-^^} 
be the Ellis group. Then F is a subgroup of the group vL. By (15. 2p . we have that 
pe F. 

Since F is a group and p E F. We have 

(5.3) pFx^^^ = Fxl'^l C n^^x^''-^^). 

Since fx''^! G Fx^^^l, there is some xq G Fx^'^ such that vx^^ = ^xq. Set Xk = Pk^o- 
Then 

Xk = PfeXo -)■ j9Xo = t^x'*^ = {ttI{v)x^'^~'^\x^'^~'^^), A; -> oo, 
and 

7r2(xk) = 7r2(pfcXo) = 7r2(pfc)a;''^"^l = ak ^ x^'^''^\ k -^ oo. 

Let Xk = (bk,ak) G ^(xt'^1)- Then lim^ bk = 7il{v)x^'^-^l 
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By i^J^, we have (T[''"^])"'^ak ^ w, A; ^ oo. Hence 
(5.4) (idl'^-^l X r['^-i])"^(bk,ak) = (bk, (r['^-il)"'ak) ^ {7rl{v)x^''-^\w), k ^ oo. 
Since id^'^"^] x T^'^~^^ = Tf^ G J^^"^ and (bk, ak) G 7i^(x[^]), we have 



I"!-!] w^ C T\d\(Jd\ 



X^ 



(5.5) (7r*(t;)x['^-i],w)GJ^M( 

Since {x^'^~^\w) is J-'f'^^ minimal by assumption, by Proposition I A. 21 there is some 
minimal idempotent u G t/(L) such that 

u(a;['^-il,w) = (7r*(u)a;[^-^U2*(M)w) = (a;^'^-^], w). 

Since M,f G L are minimal idempotents in the same minimal left ideal L, we have 
uv = uhy Proposition lA.ll Thus 

u(7r*(t;)x[^-il,w) = (7r*(n)7r*(t;)a;[^-il,7r2*(«)w) 



{'k{{uv)x^^-^\w) = {7vl{u)x^'^-^\w) = {x^'^-^\w 



By (15.51) . we have 



[X 



[d-i] 



w)Gj^M(a;l''l)- 



The proof is completed. D 

5.2. Proof of Theorem mi]- (2). Let (X,T) be a system and x e X. Recall 

qW[x] = {zeQ^''\X):z^ = x}. 
With the help of Lemma 15.11 we have 

Proposition 5.2. Let {X,T) be a minimal system, and let d > 1 be an integer. If 
X G Qt"'][x], then 

^[d] e7M(x). 

Especially, (J^M(x['^l), J-'''^') is the unique J-'^'^ -minimal subset in Q'^'^[x]. 

Proof. It is sufficient to show the following claim: 

S(d): //x G Qf'^'[a;], then there exists a sequence F^ G J-'^^ such that -Ffc(x) — > x^^. 

The case S(l) is trivial. To make the idea clearer, we show the case when d = 2. 
Let {x,a,b,c) G Q}-'^^{X). We may assume that {x,a,b,c) is J^t^l- minimal, or we 
replace it by some J-"'^! -minimal point in its J-"'^] orbit closure. Since (X, T) is 
minimal, there is a sequence {n^} C Z such that T"'''a — )■ x. Without loss of 
generality we assume T"'''c — ?■ c'. Then we have 

(T|^')"'=(x,a,6,c) = (idxT X idx T)"'=(x,a,6,c) -> {x,x,b,c'), k ^ oo. 

Since (x, a, 6, c) is J-'l^l-minimal, {x, x, b, c') is also J-'t^l-minimal. By Lemma 15. ![ 
(x,x,6,c') G ^(a;[2]). Together with id x T x id x T = Tf^ G J^'^] ^nd the 
minimality of the system (J-'^'^^x'-'^') , J-'^^') (Theorem I3.H -(1)). it is easy to see there 
exists a sequence Fk G J-"'^' such that Fk{x, a, 6, c) -^ x'^l Hence we have S(2). 

Now we assume S(d) holds for d > 1. Let x G Q['^+"'^l[a;]. We may assume that x 
is J-'[^+^]-minimal, or we replace it by some J-'l'^'^^l-minimal point in its J-'t'^+^J -orbit 
closure. Let x = (x',x"), where x', x" G X^'^. Then x' G Q['^l[x]. By S(d), there is 
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a sequence F^ G J-'^'^ such that F^x.' — )■ x^"^. Without loss of generahty, we assume 
that -Ffcx" — 7- w, A; — 7- oo. Then 

{Fk X Ffc)x = (Ffc X Ffc)(x',x") ^ (a;['^], w) e Q[''+^1(X), A; ^ oo. 

Since F^ x Fk E J^[^+^] and x is J-'t'^+^J-minimal, (xt*^, w) is also J-'['^+^l-mininial. By 
Lemma EH (x[^l,w) G jr[d+i](a;['>!+i]). Since {Tid+i](^^[d+i]-^^jr[d+i]-^ jg minimal by 
Theorem 13.11 (1). we have x^'^"'"^' is in the J-'t'^+^^-orbit closure of x. Hence we have 
S(d+1), and the proof of claim is completed. 

Since x^'^ G J-'['^](x)) for all x G Q^'^lfo:] and (J^M(xf'^]), J-'^'^l) is minimal, it is easy 
to see that (J-'^'^\x'-'^'),J-''-'^') intersects all J-'^'^'-minimal sets in Qt'^l[x] and hence it is 
the unique J-'l'^'-minimal set in Q['^1[x]. The proof is completed. D 

6. Lifting RP''^' from factors to extensions 

In this section, first we give some equivalent conditions for RP' ^, and give the 
proof of Theorem 13. 81 (2). i.e. lifting RP' ^ from factors to extensions. 

6.1. Equivalent conditions for RP' '. In this subsection we collect some equiv- 
alent conditions for RP^ K 

Proposition 6.1. Let {X,T) be a minimal system, and (i G N. Then the following 
conditions are equivalent: 

{!) ix,y)eRP^'\- 

(2) (x, y,y,...,y) = {x,y^f^'^) G J^i^^^^ {xl''+% 

(3) (a;,xl''U,a;i''^)e^['^+i](x['^+il). 

Proof. By Theorem 13.21 we have (1) -v^ (2). By Lemma [Z6] we have (3) =^ (1). Now 
show (2) => (3). 

We show it by induction on d. When c? = 1, it is easy to see that (2) and (3) are 
equivalent. Now assume that (2) =^ (3) for d — 1. 

If (2) holds for d, then (x, y,y,...,y) = (x, y^^^^^) G jr[d+i](a;[«!+i]). Thus (x, y) G 
RPI'^1 by Lemma EH Since {x,y) G RP^"'! C RPt^'^^l, ix,y^f) G ^(xl'^l)- By 
Theorem 13.11 {J-'^'^\x^'^) , J-'^'^) is minimal. There is some sequence Fk G J-'^^ such 
that Ffc(x,y* ) -> x''^!. A; -)■ oo. Then 

Fk X Fk{x,y^f\y,y^f) ^ (x,x['^U,4"), ^ ^ oo. 
Thus we have (3) for d. The proof is completed. D 

Lemma 6.2. Let {X,T) be a minimal system. Then {x,y) G RP^ (X) if and only 
if (x,x, . . . ,x,y) G Qt'^^-^l 

Proof. If (x, y) G RP''^', then by Proposition 16. 11 we have (x, xi , y, xl ) = (xt''^, y, xi ) 
G Q''^"'"^!. Since Ql'^+^l is invariant under the Euclidean permutation of X^'^^'^\ we 
have (x, X, . . . , x, y) G Qt'^+^^l 

Conversely, assume that (x, x, . . . ,x,y) G Qt'^+^l Since Ql'^+^l is invariant under 
the Euclidean permutation of X'^^+^l, we have (x,xi ,|/,xl ) G Ql'^+^l This means 
that {x,y) G RP''^' by Lemma EH D 



S. Shao and X.D. Ye 21 

6.2. Lifting RP' ^ from factors to extensions. In this section we will sliow 
TIieoreni l3.8l -(2). First we need a lemma. 

Lemma 6.3. Let it : {X,T) — )■ {Y,T) be an extension of minimal systems. If 
(1/1,2/2) £ P{y,T) and Xi G n^^d/i) then there exists X2 G n^^d/i) such that 
(xi,X2) e P(X,T) andn x 7r(xi,X2) = (2/1,2/2)- 

Proof. Since (2/1,2/2) G P(^, 7"), by Proposition IA.3I there is an minimal idempotent 
u G E{X,T) such that uyi = uy2 = 2/2- Let X2 = uxi, then 7i{x2) = uyi = 2/2- By 
Proposition |A]3] (xi, 0:2) G P(X, T) and tt x 7r(xi,X2) = (2/1,2/2)- D 

Proposition 6.4. Let it : (X, T) — )■ (F, T) 5e an extension of minimal systems. If 
(2/1,2/2) e RP''^'(F), i/ien i/iere zs (^1,^2) G RP^"'^(X) stic/i that 

n X 7r(zi,2;2) = (2/1,2/2)- 

Proof. First we claim that it is sufficient to show the result when (2/1,2/2) is a minimal 
point of (y X y, T X T). As a matter of fact, by Proposition IA.3I there is a minimal 
point (2/^,2/2) G C'((2/i,2/2),7'x T) such that (2/^,2/2) is proximal to (2/1,2/2)- Now 
(2/1, 2/2) is minimal and (2/1, 2/2) ^ R-P (^)- If ^^ have the claim already, then there 
is (x;,x'2) G RP['^](X) with 7rx7r(x;,4) = (2/1,2/2)- Since (2/1, 2/1), (2/2,2/2) e P(r,T), 
then by Lemma [6l3] there are Xi,X2 G X with tt x t[{xi,X2) = (2/1,2/2) such that 
(a;'i,xi), (x'2,a;2) G P(X,T). This implies that (xi,X2) G Rp['^l(X) by Theorem^ 
Hence we have the result for general case. 

So we may assume that (2/1,2/2) is a minimal point of (F x y, T x T). To make 
the idea of the proof clearer, we show the case for d = 1 ffist (see Figure 1). Since 

(2/1,2/2) £ RP'"^^(F), by Proposition [6T] (1/1, ?/i, 2/2,2/1) ^ -^'^^2/1)- So there is some 
sequence F^ G -7-"'^^ such that 

Fkyf" -> (2/1,2/1,2/2,2/1), k -^ 00. 
Take a point a;i G 7r^^(yi). Without loss of generality, we may assume that 

Pkx[ -)■ (a;i,X2,X3,X4), A; -)■ 00. 

Then 7r[^l(a;i,a;2, X3,a;4) = (2/1, 2/1,2/2, 2/i)- Take {rifc} C Z such that T'^^X2 -^ xi,k -^ 
00 and assume that T^'^x^ — )■ 0:4, A; — ?■ 00. Then 

(id X T X id X T)"'=(xi,a;2, X3,a;4) — )■ (a;i,a:i,a:3, X4), fc — )■ 00. 

Since id x T x id x T = Tf G J"'^!, we have (a;i,a;i, X3,a;4) G J^^^^{xf^). Now take 
{mfc} C Z such that T"^'^X3 — > Xi, A; — )■ 00 and assume that T'^'^x'^ — )■ 0:4, A; — )■ 00. 
Then 

(id X id X T X T)™'=(a;i,a;i, X3,a;4) — )■ (xi,a;i,a;i, X4), A; — )■ 00. 

Since id x id x T x T = Tg G J-'^^', we have (xi, xi, Xi,a;4) G J-'[^l(xi ). By Lemma 
[62](xi,x:t') G RPW(X ). Let 2/3 = T^jx'j) . Note that (xi,x^') G C((x3,x^),T x T), 
and we have (2/3,2/1) ^ C'((2/i,2/2),7' x T). Since (2/1,2/2) is T x T-minimal, there is 
a sequence {a^} C Z such that (T x T)"*^ (7/3,^/1) — ;■ (1/1,1/2), A; — )■ 00. Without loss 
of generality, we may assume that there are Zi , 2:2 G X such that 

(T X TY^{x'i xi) -^ (zi, Z2), k^oo 
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Since {xi,x'l) E RP'^'(X) and RP'^^(X) is closed and invariant, we have (-21,-22) ^ 
C(«,a;i),TxT) C RpW(X). Note that 

n X 7r(-2i,-22) = hm(T x T)"'=(7r«), 7r(xi)) = hm(T x T)"'= (1/3,1/1) = (1/1,1/2), 

fc k 

we are done for the case d = 1. For the proof when d = 2, see Figure 2. 
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Figure 1. The case d = 1 
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Figure 2. The case d = 2 
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The idea of the proof in the general case is the following. For a point x G J-'['^+^l(a;i) 
we apply face transformations F^ such that the first 2'^-coordinates of xi = lim F^:x. 
will be x\ . Then apply face transformations F2 such that the first 2'^ + 2*^"^- 
coordinates of X2 = limF2Xi will be {x[ ,x[ ). Repeating this process we get a 
point {{x[ )*,X2) G J-'['^+^](xi) which implies that (xi,a;2) G RPf°'^(X). Then we 
use the same idea used in the proof when d = 1, 2 to trace back to find {zi, ^2)- Here 
are the details. 

Now let (^1,^2) e RPt"'](r), then by PropositionEH {y?,y2, (y?)*) G J^^^Kvi^^^)- 
So there is some sequence Fk G J^l'^+^l such that 

F,y^f^'^^{y?,y2,{y?).), k ^ 00. 

Without loss of generality, we may assume that 

(6.1) Fkxf^'^^ ^ X, k^oo. 

Then X0 = Xi and 7r['^+^l(x) = (^i ,2/2, (2/1 )*)• 

Let xi = (x, : e{d+l) = 0) G Xl'^l and x„ = (x, : e{d + 1) = 1) G X^. Then 
X = (xi,xn). Note that 

7r['^](xi) = n^'^^x^f) = y?, and 7r['^l(x„) = {y^, (y?).). 

By Proposition 15. 2[ there is some sequence F^ G J-'^'^ such that 

Fl{^i)^x\^\ k^oo. 

We may assume that 

Fki^ii) -^ xii, k-)- 00. 

Note that 7rM(x„) = 7rM(x'„) = (y^, (y^f).). 

Let F^ = {S^, : e' G {0, l}"^). Let Hi = {S^ : e G {0, 1^+^) G J^I'^+^l such that 

{S^ : e G {0, Ij'^+S e(rf + 1) = 0) = {S^ : e G {0, l}'^+\ e(t/ + 1) = 1) = F,\ 

Then 

/7,i(x) = F', X F,i(xi,x„) ^ (a;[^x'„) 4 x^ G 7i^(xS'+^]), fc -> 00. 

Let y-*- = 7r['^^^l(x-'-). It is easy to see that x] = x\ if t{d + 1) = 0. For y-*-, 
2/{d+i} = 2/do...oi = V-i and y\ = yi for all e ^ {d + 1}. 

Let xj = (x, : e G {0, lY+\ e{d) = 0) G Xt"^] and xjj = (x, : e G {0, l}'^+\ e{d) = 
1) G Xt'^l By Proposition 15.21 there is some sequence F^ G J-'^'^ such that 

Fii^l) -^ xPl, F,2(xi\) ^ xj/, fc ^ 00 

and 7r['^l(xJ/) = (|/f"^',y3, (l/f^^')*) for some y^ G F. 

Let Fl = {S^, : e' G {0, 1}'^). Let H^ = {S^ : e G {0, Ij-^+i) G ^I'^+^l such that 

(^.'^ : e G {0, l}'^+\ e(rf) = 0) = (S,'^ : e G {0, l}^+\ e(rf) = 1) = F^ 

Then let 

HU^^) ^ x^ G J^['^+i](x'^+'1), A; ^ 00. 
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Let y^ = n'-'^^^' (x^) . Then H^iy^) — t- y^, A; — )■ oo. From this one has that (2/3, yi) G 
0{{yi,y2),T X T). By the definition of x^,y^, it is easy to see that x^ = Xi if 
e{d + 1) = or e{d) = 0; yfa^a+i} = I/00...011 = ^3 and y,^ = y^ for all e^ {d,d+ 1}. 

Now assume that we have xJ e J-'['^+^l(x^ ) for 1 < j < (i with 7r['^+^](xJ) = yj 
such that xi = xi if there exists some k with d — j + 2<k<d + l such that 
e(fc) = 0; yld-j+2,...,d,d+i} = yj+^ a^d yi = 2/1 for all e 7^ {d - j + 2, . . . , d, d + 1}, and 

Let xj = (x, : e e {0, l}'^+\ e(ti - j + 1) =0) G Xt'^l and x^i = (x, : e G 

{0, l}'^"-'"'"^, e((i — j + 1) = 1) G X'*^!. By Proposition 15. 2[ there is some sequence 
^i+i ^ jr[d] g^^j^ ^j^g^^ 

Ff ^(xi) ^ xS^ Fr^(xii) ^ xi/, A; ^ 00. 

Let Fi+^ = {S^, : e' G {0, 1}'^). Let /7^+^ = (5,^ : e G {0, 1^+^) G J^t'^+^l such that 

(S^ : e G {0,l}'^+\e(rf- J + 1) = 0) = (S^ : e G {0, l}'^+\ e(c/ - j + 1) = 1) = Ff \ 

Then let 

i7^+'(xJ) ^ xJ+i G J^['^+il(xf'+']), fc ^ 00. 

It is easy to see that xi~^^ = Xi if there exists some k with d — j + l<k<d + l 
such that e{k) = 0. 

LetyJ+i = 7r["'+i](xJ+i). Then yi+^ = yi for all e 7^ {d-j + l,d-j + 2,...,d + l}, 
and denote y\d~j+i,d-j+2,...,d+i} = %+2- Note that i/|(yJ) -^ yJ+^, A; -^ 00. From 
this one has that {yj^2,yi) ^ C'((?/i,?/j+i),T x T). 

Inductively we get x"*", . . . , x'^"'""'" and y-*", . . . , y^^"*" such that for all 1 < j < d + 1 

xJ £ J^['^+^l(x^ ) with 7rf'^+^^(xJ) = yj. And x^ = xi if there exists some k with 
d — j + 2<k<d+l such that e{k) = 0; yL„ -^2 dd+i| ~ %+i ^^"^ vi ~ V^ ^^^ ^^ 
e 7^ {d - j + 2, . . . , d, d + I}, and {yj+i, yi) G C((yi, yj),T x T). 

For x*^"*""*", we have that xf"*"^ = xi if there exists some k with 1 < A; < c/ + 1 such 
that e{k) = 0. That means there is some X2 G X such that 

x'^+i = (xi,xi, . . . ,Xi,X2) G 7i^^(x["+^]). 

By Lemma [621 (a;i,a;2) G Rpf"'l(X). Note that 7r(x2) = yd+2- 

Since (%+i,?/i) G 0{{yi,yj),T x T) for all 1 < j < rf + 1, we have {yd+2,yi) e 



0{{yi,y2),T X T) or (^1, ^/^+2) £ 0{{yi,y2) ,T x T). Without loss of generality, we 
assume that {yi,yd+2) ^ C^((2/i) 1/2)5 F x T). Since (2/1, 1/2) is T x T-minimal, there 
is some {rifc} C Z such that (T x TY^{yi,yd+2) — ^ (2/1,1/2), A; -> 00. Without loss of 
generality, we assume that 

(TxT)"'=(xi,X2) ^ (^1,^2), k^oo. 

Since RP''^1(X) is closed and invariant, we have 

(zi, Z2) G 0((xi,X2),TxT) C RP[''1(X). 

And 

TT X 7r(zi,Z2) = lim(T x T)"Hvr(xi), 7r(x2)) = lim(r x r)"H2/i, 2/^+2) = (2/1,2/2). 

fc A; 
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The proof is completed. D 

7. A COMBINATORIAL CONSEQUENCE AND GROUP ACTIONS 

7.1. A combinatorial consequence. We have the following combinatorial conse- 
quence of the fact that (J-'[°'](a;f"'l), J-'f"'^) is minimal. 

Proposition 7.1. Let {X,T) be a minimal system,, x G X and U he an open neigh- 
borhood of X. Put S = {n & Tj : T"x G U}. Then for each d > 1, 

{(ni, . . . , nd) G Z'^ : nid + ■ ■ ■ + n^Cd eS,eie {0, l},l<i<d} 

is syndetic. 

Proof. This follows by that fact that x^^ is a minimal point under the face action 



To understand S better we show the following proposition which is similar to [2 
Proposition 2.3]. Note that a collection J^ of subsets of Z is a family if it is upwards, 
i.e. Ae J^ and Ac B imply that B e J^. 

Proposition 7.2. The family of dynamically syndetic subsets is the family generated 
by the sets S whose indicator functions 1$ are the minimal points o/({0, 1}^,0") and 
G S*, where a is the shift. 

Proof. Put S = {0, 1}^. We denote the family generated by the sets containing {0} 
whose indicator functions are the minimal points of (S, a) by Tm- Clearly, if Ip is 
the indicator function of F then F = N{1f, [1]), where [1] = {s G E : s(0) = 1}. 
Hence J-'m is contained in the family of dynamical syndetic subsets. 

On the other hand, let A be a dynamical syndetic subset. Then there exist a 
minimal system {X, T) with metric d, x & X and an open neighborhood V^ of x such 
that A D iV(x, y) = {n G Z : T"x G V}. It is easy to see that we can shrink V to 
an open neighborhood V of x whose boundary is disjoint from the orbit of x. 

Then do the classical lifting trick, a la Glasner, Adler etc. Let 

Y = {{z,t) eX^T.: t{i) = 1 implies Tz G cl(l^') and t{i) = implies Tz G d{X\V')} 

Then F is a T x cr-invariant closed subset of X x S. Since the orbit of x doesn't 
meet the boundary of V, there is a unique t G S such that (x, t) & Y and t is 
the indicator function of N{x,V'). Take a minimal subset J of {Y,T x a) with 
J C 0{{x,t),T X cr) and let vr^ : J — )• X be the projective map. Since (X, T) is 
minimal, iixiJ) = X. Hence (x, t) G J. Projecting J to S we see that t is a minimal 
point. Hence A G J-'m as A D X(x, V) and t = lN{xy')- D 

Remark 7.3. We note that if 5* is a syndetic subset of Z then S — S D Si — Si for 
some dynamically syndetic subset Si. 

7.2. Group actions. Let X be a compact metric space and G be an abelian group. 

Definition 7.4. Let X be a compact metric space, G be an abelian group actiong 
on X and let d > 1 be an integer. A pair (x, y) G X x X ia said to be regionally 
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proximal of order d of G-action if for any 6 > 0, there exist x', y' & X and a vector 
n = (ni, . . . , n^i) G C^ such that d{x, x') < 5, d{y, y') < 6, and 

d{T^'^x', T^"y') < 5 for any nonempty e C [d], 
where n ■ e = Xljge ^«- '^^^ ^^^ °^ regionally proximal pairs of order d of G-action is 
denoted by RP^ (X), which is called the regionally proximal relation of order d of 
G-action. 

A subset S* C G is a central set if there exists a system (X, G), a point x G X and a 
minimal point y proximal to x, and a neighborhood L/j^ of y such that X(x, t/y) C S. 
The notion of IP-set can be defined in this setting too. By the proof of Furstenberg 
[TT| Proposition 8.10.] we have 

Lemma 7.5. Let G he an abelian group. Then any central set is an IP-set. 

So we have 

Lemma 7.6. If{X,G) is minimal, then P(X) C RPg^(X). 

At the same time the notions of face group and parallelepiped group can be 
defined. So we have the following theorem by our proof 

Theorem 7.7. Let (X, G) a minimal system with G being abelian. Then RPy(X) 
is a closed invariant equivalence relation. So (X/RPy(X),G) is distal. 

Similar to ^22] we may define 

Definition 7.8. Let (X, G) a minimal system with G being abelian. We call 

(X/RPy(X),G) the d-step nilsystem for G-action. 

We think that to study the properties of (X/RP^ (X), G) or more general group 
actions will be interesting. 

Appendix A. Basic facts about abstract topological dynamics 

In this section we recall some basic definitions and results in abstract topological 
systems. For more details, see [B H [IS [161 [281 [29] . 

A.l. Topological transformation groups. A topological dynamical systems is a 
triple X = (X, T, n), where X is a compact T2 space, T is a T2 topological group 
and niTxX— J-Xisa continuous map such that n(e, x) = x and n(s, n(t, x)) = 
n(st, x). We shall fix T and suppress the action symbol. In lots of literatures, X is 
also called a topological transformation group or a flow. 

Let (X, T) be a system and x G X, then 0{x, T) denotes the orbit of x, which 
is also denoted by Tx. A subset A C X is called invariant if ta C A for all 
a & A and t & T. When F C X is a closed and T-invariant subset of the system 
(X, T) we say that the system (Y, T) is a subsystem of (X, T). If (X, T) and (Y, T) 
are two dynamical systems their product system is the system (X x Y,T), where 
t{x,y) = {tx,ty). 

A system (X, T) is called minimal if X contains no proper closed invariant subsets. 
(X, T) is called transitive if every invariant open subset of X is dense. An example 
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of an transitive system is a point-transitive system, which is a system with a dense 
orbit. It is easy to verify that a system is minimal iff every orbit is dense. The 
system (X, T) is weakly mixing if the product system (X x X, T) is transitive. 

A homomorphism (or extension) of systems vr : (X, T) — )■ {Y, T) is a continuous 
onto map of the phase spaces such that 7r(tx) = t7r(x) for all t G T, x G X. In this 
case one says that (F, T) if a factor of (X, T) and also that (X, T) is an extension 
of (F,r). Define 

^TT = {(a;i,X2) : 7r(xi) = 7r(x2)}, 
then Y = X/i?^. For n G N, define 

i?" = {(xi, a;2, . . . , x„) : 7r(a;i) = 7r(x2) = . . . = 7r(xn)}, 

A. 2. Enveloping semigroups. Given a system (X, T) its enveloping semigroup 
or M/zs semigroup E{X, T) is defined as the closure of the set {t : t G T} in X'''' 
(with its compact, usually non-metrizable, pointwise convergence topology). For an 
enveloping semigroup, E ^ E : p ^ pq and p ^-)■ tp is continuous for all g G -E and 
t E T. Note that (X"^, T) is a system and {E{X, T), T) is its subsystem. 

Let (X, T), (^, T) be systems and vr : X — )■ F be an extension. Then there is 
a unique continuous semigroup homomorphism vr* : E{X,T) — ?■ E{Y,T) such that 
7r(px) = 7r*(p)7r(a;) for all x G X, p G E{X,T). When there is no confusion, we 
usually regard the enveloping semigroup of X as acting on Y: p7i{x) = ^{px) for 
X G X andp G E{X,T). 

A. 3. Idempotents and ideals. For a semigroup the element u with u"^ = uis called 
an idempotent. EUis-Namakura Theorem says that for any enveloping semigroup E 
the set J{E) of idempotents of E is not empty [1]. A non-empty subset I G E is 
a left ideal (resp. right ideal) if it EI C / (resp. IE C /). A minimal left ideal is 
the left ideal that does not contain any proper left ideal of E. Obviously every left 
ideal is a semigroup and every left ideal contains some minimal left ideal. 

We can introduce a quasi-order (a reflexive, transitive relation) <l on the set 
J{E) by defining v <i u if and only if vu = v. If f <l u and u <l v we say that 
u and V are equivalent and write u ~l v. Similarly, we define Kr and ~ij. An 
idempotent u G J{E) is minimal if w G J{E) and v <l u implies u <l v. The 
following results are well-known [H [12]: let L be a left ideal of enveloping semigroup 
E and u G J{E). Then there is some idempotent v in Lu such that v <r u and 
V <L u; an idempotent is minimal if and only if it is contained in some minimal left 
ideal. 

Minimal left ideals have very rich algebraic properties. For example. 

Proposition A.l. Let I be a minimal left ideal, then 

(1) / = Uuejf/) "^-^ ^'^ ^^■^ partition and every ul is a group with identity u G J{I)- 

(2) All minimal idempotents in the same left ideal are equivalent to each other, 
i. e. for all u,v G J{I), u ~l v . 
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Let (X, T) be a system and E{X, T) be its enveloping semigroup. A subset I C 
E{X, T) is a closed left ideal of E{X, T) iff (/, T) is a subsystem of {E{X, T),T). 
And / is a minimal left ideal of E{X^ T) iff (/, T) is minimal. Let / C E{X, T) be 
a minimal left ideal. Then for all x & X, Ix = {px : p G /} is a minimal subset of 
X. Especially if {X, T) is minimal itself, then X = Ix for all a; G X. It follows that 

Proposition A. 2. A point x E X is minimal if and only if ux = x for some u E I . 

A. 4. Universal point transitive system and universal minimal system. For 

fixed T, there exists a universal point-transitive system ^7- = (5*7-, T) such that T 
can densely and equivariantly be embedded in Sj-- The multiplication on T can be 
extended to a multiplication on S-j-, then Sj- is a closed semigroup with continuous 
right translations. The universal minimal system 971 = (M, T) is isomorphic to 
any minimal left ideal in Sj- and M is a closed semigroup with continuous right 
translations. Hence J = J(M) of idempotents in M is nonempty. Moreover, {f M : 
f G J} is a partition of M and every f M is a group with unit element v. Sometimes 
if there are chances being confusion then we will use M7- instead of M. 

The sets Sj- and M act on X as semigroups and S-j-x = Tx, while for a minimal 
system {X, T) we have Mx = Tx = X for every x G X. A necessary and sufficient 
condition for x to be minimal is that ux = x for some u E J . 

A. 5. All kinds of extensions. Two points Xi and X2 are called proximal iff 



r(xi,X2)nAx^0. 
Let Ux be the unique uniform structure of X, then 

P{X,r) = f]{ra:aeUx} 
is the collection of proximal pairs in X, the proximal relation. 

Proposition A. 3. Let {X, T) he a system. Then 

(1) Xi, X2 are proximal in {X, T) iff pxi = px2 for some p G E{X, T). 

(2) If X G X and u is an idempotent in E{X,T), then {x,ux) G P. 

(3) If X E X , then there is an minimal point x' G 0{x, T) such that (x, x') G P. 

(4) // (X, T) is minimal, then (x, y) E P if and only if there is some minimal 
idempotent u G E{X, T) such that y = ux. 

The extension n : (X, T) — )> {Y, T) is called proximal iff i?^ C P iff P^ = f]{Ta fl 
Rtt : a G V(x} = R-K- TT is distal if P^^ = Ax. vr is a highly proximal (HP) extension if 
for every closed subset A of X with ti{A) = Y, necessarily A = X. It is easy to see 
that a HP extension is proximal. In the metric case an extension vr : (X, T) — )■ {Y, T) 
of minimal systems is HP iff it is an almost 1-1 extension., that is the set {y eY : 
7r~^(t/) is a singleton } is a dense Gs subset of Y . 

An extension vr : X — )■ F of systems is called equicontinuous or almost periodic if 
for every a G Ux there is /3 G Ux such that Ta H R,, (^ (3. 

In the metric case an equicontinuous extension is also called an isometric exten- 
sion. The extension tt is a weakly mixing extension when {R.„, T) as a subsystem of 
the product system (X x X, T) is transitive. 
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A. 6. Vietoris topology and circle operation. Let 2"^ be the collection of nonempty 
closed subsets of X endowed with the Vietoris topology. Note that a base for the 
Vietoris topology on 2^ is formed by the sets 

n 

<Ui,U2,--- ,Un>={Ae2^ : AC[J Ui and A n ?7i ^ for every i}, 

i=l 

where Ui is open in X. Then (2^, T) defined by tA = {ta : a G A} is a system again, 
and 5*7- acts on 2^ too. To avoid ambiguity we denote the action of Sj- on 2^ by the 
circle operation as follows. Let p G Sj- and D G 2^, then define p o D = lim2x tiD 
for any net {tj}j in T with tj — )■ p. Moreover 

p o D = {x E X : there are di E D with x = limtidi} 

i 

for any net tj — )• p in S-j-. We always have pD C p o D. 

A. 7. Ellis group. The group of automorphisms of (M, T), G = Aut(M,T) can 
be identified with any one of the groups -uM {u G J) as follows: with a G uM 
we associate the automorphism a : (M, T) — )■ (M, T) given by right multiplication 
a{p) = pa, p G M. The group G plays a central role in the algebraic theory. It carries 
a natural Ti compact topology, called by Ellis the r-topology, which is weaker than 
the relative topology induced on G = -uM as a subset of M. 

It is convenient to fix a minimal left ideal M in Sj- and an idempotent -u G M. 
As explained above we identify G with -uM and for any subset A (1 G, r-topology is 
determined by 

drA = u{uo A) = Gn{uo A). 

Also in this way we can consider the "action" of G on every system {X, T) via the 
action of 5*7- on X. With every minimal system (X, T) and a point xq G uX = {x E 
X : ux = x} we associate a r-closed subgroup 

0(X, xq) = {a E G : axo = Xq} 

the Ellis group of the pointed system {X,Xq). 

For a homomorphism n : X ^ Y with 7r(a;o) = Vo we have 

&{X,Xo)C e{Y,yo). 

It is easy to see that -UTr'^d/o) = ^(X,yo)xo- 

For a r-closed subgroup F oi G the derived group H{F) = F' is given by: 

H(F) = F' = I I jcl^O : O is a r-open neighborhood of -u in F }. 

H{F) is a r-closed normal subgroup of F and it is characterized as the smallest 
r-closed subgroup H oi F such that F/H is a compact Hausdorff topological group. 
In particular, for an abelian T, the topological group G/H{G) is the Bohr compact- 
ification of T. 
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A. 8. Structure of minimal systems. We say that n : (X, T) — ?■ {Y, T) is a RIC 
(relatively incontractible) extension if for every y = py^ G F, p an element of M, 

where F = &{Y, yo). One can show that the extension it : X -^ Y is RIC if and only 
if it is open and for every n > 1 the minimal points are dense in the relation K^. 
Note that every distal extension is RIC. It then follows that every distal extension 
is open. 

We say that a minimal system {X, T) is a strictly PI system if there is an ordinal r] 
(which is countable when X is metrizable) and a family of systems {{W^, ifj}t<^ such 
that (i) Wo is the trivial system, (ii) for every l < t] there exists a homomorphism 
0t : Wi^+i — )■ VFt which is either proximal or equicontinuous (isometric when X is 
metrizable) , (iii) for a limit ordinal v < rj the system Wi, is the inverse limit of the 
systems {Wi^^^y, and (iv) W^ = X. We say that (X, T) is a Pl-system if there 
exists a strictly PI system X and a proximal homomorphism 6 : X -^ X. 

If in the definition of Pl-systems we replace proximal extensions by almost one-to- 
one extensions (or by highly proximal extensions in the non-metric case) we get the 
notion of HPI systems. If we replace the proximal extensions by trivial extensions 
(i.e. we do not allow proximal extensions at all) we have I system,s. These notions 
can be easily relativized and we then speak about I, HPI, and PI extensions. 

Theorem A. 4 (Furstenberg). A metric minimal system is distal if and only if it is 
an I-system. 

Theorem A. 5 (Veech). A metric minimal dynamical system is point distal if and 
only if it is an HPI-system. 

Finally we have the structure theorem for minimal systems, which we will state 
in its relative form (Ellis-Glasner-Shapiro [7], Veech [2H], and Glasner [13] )• 

Theorem A. 6 (Structure theorem for minimal systems). Given a homomorphism 
71 : X ^ Y of minimal dynamical system, there exists an ordinal t] (countable when 
X is metrizable) and a canonically defined commutative diagram (the canonical PI- 
Tower) 



X 



Y ^ 



Xn 



Yn 




Pi 



Zi 



Xi 



Yi 




X„ — Xr^ 



Y =Y 



where for each v < r],TTi, is RIC, p^ is isometric, 6,j, 91 are proximal and tx^ is 
RIC and weakly mixing of all orders. For a limit ordinal u, X^, Y^, tt^ etc. are 
the inverse limits (or joins) of X^,Y^,tt^ etc. for l < u. Thus X^o is a proximal 
extension of X and a RIC weakly mixing extension of the strictly Pl-system Foo- 
The homomorphism ti^o is an isomorphism (so that X^o = Y^o) if and only if X is 
a Pl-system. 
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Appendix B. Proof of Theorem 14.31 

First we need the so-called Ellis trick in [13]. Refer to [I3l Lemma X.6.1] for the 
proof. See [T7] for more discussions about weakly mixing extensions. Recall that M 
is the universal minimal set. 

Lemma B.l (Ellis trick). Let F be t closed subgroup of G acting on M by right 
multiplication, M x F — )■ M, {p, a) ^-^ pa. 

(1) there is a minimal idempotent uj G ^(M) fl F such that coF is F -minimal. 

(2) if V is a open subset of wF, then mtrc\r{V fl wF) ^ 0. 

Lemma B.2. Let it : {X, T) — )■ {Y, T) be a RIC weakly mixing extension of minimal 
systems and u G ^(M) be a minimal idempotent. Let x G uX, y = n{x). Then for 
all n > 1, any nonempty open subset U of U7r~^{y) and any transitive point x' = 
{x[, ■ ■ ■ ,a;^_i) G -R""^ with it{x'j) = y,j = 1,- ■ ■ ,n-l, we have T{{x'} x U) = i?". 

Proof Note that we have H{F)A = F, where F = &{Y,y),A = 0{X,x), since tt is 
weakly mixing. 

Claim: 

{ux'} X 'K-\y) C r({x'} X U). 

Proof of The Claim: Set V = {p & F : px E U}. Then ^ is a nonempty open set 
of F and by EUis trick we have V = int^cU(\/ n F) 7^ 0. By the definition of H{F), 
there exists a E F such that aH{F) C cl^-^. 
Since F = AH{F) = H{F)A, we have 



T[{x'} xU) 3 MO {{x'} xU)^uo {{x'} X Vx) 

3 {ux'} X u{u o V)x 3 {ux'} X u{u o (V n F))x 
= {ux'} X d^{V n F)x 3 {ux'} X clrVx 
D {ux'} X aH{F)x = {ux'} x aH{F)Ax 
= {ux'} X aFx = {ux'} X Fx. 
Since tt is RIC, we have u o Fx = TT^^{y). Hence 

r({x'} X U) Duo {{ux'} X Fx) = {ux'} X Ti'^{y). 

This ends the proof of the claim. 

Now it is easy to see that T({x'} x U) = i?". Let (xi, X2) G -R", where xi G -R""^. 
Since x' is a transitive point of -R"~^, there exists a p G Sj- such that px' = xi. Then 
X2 G T^^^ipy) = po TT^^{y). Thus 



(a;i,X2) G {px'} xpo-n~^{y) C T{{ux'} x 7r-i(y)) C T{{x'} x U). 



Thus we have R"^ = Ti{x'} xU). D 

Theorem B.3. Let tt : (X, T) — t- {Y, T) be a RIC weakly mixing extension of 
minimal systems and y E Y . Then for all n > 1, there exists a transitive point 

{Xi,X2,...,Xn) of Rl WlthXi,X2,...,Xn G 7r"^(|/). 
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Proof. It is obvious for the case when n = 1. Now assume it is true for n — 1. 
Fix a transitive point x' = {xi,X2, ■ ■ ■ , x„_i) G R^'^ with Xi,X2, ■ ■ ■ , x„_i G n^^d/). 
Assume that y G uY for some minimal idempotent u G J(M). 
For each e > 0, define 



K = {a; G un~^{y) : T{x',x) is e-dense in -R"}. 



It is easy to verify that V^ is open. Now we show that K is dense in un ^{y). For 

any A C X", ^ G X'^, 5 > 0, A ~ ;2 is defined by d{z, z') < S, Wz' G A. 

Now let {zi, Z2,- ■ ■ , Zn} be an e-net of -R", i.e. for each z E K^ there is some Zj 
(j G {1,2,..., n}) such that (i(z, Zj) < e. Let ^ be an open subset of W7i~^{y). By 
Lemma [B. 2 1 T{{x'} x U) = i?". So there are some open subset Ui^U and ti G T 
such that ti({x'} x f/i) ~ zi. Again, by Lemma [R2| T{{x'} x f/i) = i?". So there 
are an open subset U2 ^ f/i and t2 E T such that t2({a;'} x U2) ^ Z2. ... Inductively, 
we have a sequence Ui ^ U2 ^ ■ ■ ■ ^ Un (relatively open) and ti, . . . , t„ G T such 
that tj{{x'} X f/n) ~ ^jy'^j ^ {1;2, . . . ,n}. Hence Un C V^. This means that K is 
dense in U7i~^{y). 



Let F = n^i ^i/n- Then F is a residual set of un ^{y), and for all x G F, we 
have T{x', x) = i?". In particular, there exists a transitive point (xi, X2, ■ ■ ■ , Xn) of 
i?" with xi, X2, . . . , x„ G 7r^^(|/). The proof is completed. D 
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REGIONALLY PROXIMAL RELATION OF ORDER d IS AN 

EQUIVALENCE ONE FOR MINIMAL SYSTEMS AND A 

COMBINATORIAL CONSEQUENCE 

SONG SHAO AND XIANGDONG YE 

o 

PsJ . Abstract. By proving the minimality of face transformations acting on the di- 

agonal points and searching the points allowed in the minimal sets, it is shown 
Q . that the regionally proximal relation of order d, RP' ', is an equivalence relation 

1/'^ I for minimal systems. Moreover, the lifting of RP' ' between two minimal systems 

is obtained, which implies that the factor induced by RP' ' is the maximal d-step 
nilfactor. The above results extend the same conclusions proved by Host, Kra and 
Maass for minimal distal systems. 

t^ I A combinatorial consequence is that if 5 is a dynamically syndetic subset of Z, 

^^ ■ then for each d > 1, 

^ ■ {(rii, ...,nd) eZ"^ : mei + • ■ • + naf-d e S,e^e {0, 1}, 1 < i < d} 

2 ' is syndetic. In some sense this is the topological correspondence of the result 

obtained by Host and Kra for positive upper Banach density subsets using ergodic 
methods. 

(N' 

> 

OO . 1. Introduction 

The background of our study can be seen both in ergodic theory and topological 
t^^ ■ dynamics. 

O. 1.1. Background in ergodic theory. The connection between ergodic theory and 

additive combinatorics was built in the 1970's with Furstenberg's beautiful proof of 
Szemeredi's theorem via ergodic theory [lOj. Furstenberg's proof paved the way for 

^ . obtaining new combinatorial results using ergodic methods, as well as leading to 

H ! numerous developments within ergodic theory. Roughly speaking, Furstenberg |10] 

proved Szemeredi's theorem via the following ergodic theorem: let T be a measure- 
preserving transformation on the probability space {X,B,fi), and let A E B with 
positive measure. Then for every integer d > 1, 

lim inf — V u(A n T'"A D T'^'^A n . . . n T-^'^A) > 0. 

ra=0 
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So it is natural to ask about the convergence of these averages, or more generally 
about the convergence in L'^{X,fi) of the multiple ergodic averages 

1 ^-1 
-^/i(T"x).../,(T^"x), 

n=0 

where /i, . . . , /d € L°°{X, /i). After nearly 30 years' efforts of many researchers, this 
problem was finally solved in [TSl EO] • 

In their proofs the notion of characteristic factors plays a great role. Let us see 
why this notion is important. Loosely speaking, the structure theorem of fi9[ 130] 
states that if one wants to understand the multiple ergodic averages 

JV-l 

-^/i(T"x).../,(T'^"x), 

n=0 

one can replace each function /j by its conditional expectation on some d-step nil- 
system (1-step nilsystem is the Kroneker's one). Thus one can reduce the problem 
to the study of the same average in a nilsystem, i.e. reducing the average in an 
arbitrary system to a more tractable question. Note that the multiple ergodic aver- 
age for commuting transformations was obtained by Tao [26] using finitary ergodic 
method, see [3l |T8] for more traditional ergodic proofs. Unfortunately, in this more 
general setting, the characteristic factors are not known up till now. 

In y^, some useful tools, such as dynamical parallelepipeds, ergodic uniformity 
seminorms etc., were introduced in the study of dynamical systems. Their further 
applications were discussed in [HI [201 HD |22l [23]. Now a natural and important 
question is what the topological correspondence of characteristic factors is. The 
history how to obtain the topological counterpart of characteristic factors will be 
discussed in the next subsection. 

1.2. Background in topological dynamics. In some sense an equicontinuous 
system is the simplest system in topological dynamics. In the study of topological 
dynamics, one of the first problems was to characterize the equicontinuous structure 
relation Seq{X) of a system (X, T); i.e. to find the smallest closed invariant equiva- 
lence relation R{X) on {X,T) such that {X/R{X),T) is equicontinuous. A natural 
candidate for R{X) is the so-called regionally proximal relation RP(X) [6]. By the 
definition, RP(X) is closed, invariant, and reflexive, but not necessarily transitive. 
The problem was then to find conditions under which RP(X) is an equivalence 
relation. It turns out to be a difficult problem. Starting with Veech [27], various 
authors, including MacMahon [25] , Ellis-Keynes [8] , came up with various sufficient 
conditions for RP(X) to be an equivalence relation. For somewhat different ap- 
proach, see [2]. Note that in our case, T : X — )■ X being homeomorphism and 
(X, T) being minimal, RP(X) is always an equivalence relation. 

In ^23j Host and Maass tried to find the topological counterpart of characteristic 
factors and obtained their goal in some particular case. Recently, Host, Kra and 
Maass [22] continued the study and succeeded for all minimal distal systems, which 
can be viewed as an analog of the purely ergodic structure theory of [TOl [191 [30] . Note 
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that previously the counterpart of characteristic factors in topological dynamics was 
studied by Glasner [IH[I5], where he considered the characterization of nil-system of 
order 2 in [H] and studied the characteristic factors for the action T xT^ x . . . xT'^ 
in [15]. To get the characteristic factors in topological dynamics, in [221 EH], for 
distal minimal systems a certain generalization of the regionally proximal relation 
is used to produce the maximal nilfactors. 

Here is the notion of the regionally proximal relation of order d defined in [2^ |22] • 

Definition 1.1. Let {X,T) be a system and let d > 1 be an integer. A pair 
{x,y) G X X X is said to be regionally proximal of order d if for any 6 > 0, there exist 
x',y' G X and a vector n = (ni, . . . ,nd) G Z"^ such that p{x,x') < 6,p{y,y') < 5, 
and 

p(r"-V, T-V) < 6 for any e G {0, 1}^ e ^ (0, . . . , 0), 

where n ■ e = J2i=i ^i''^i- The set of regionally proximal pairs of order d is denoted 
by RP' '(X), which is called the regionally proximal relation of order d. 

It is easy to see that RP' '(X) is a closed and invariant relation for all d E N. 
When d = 1, RP' (X) is nothing but the classical regionally proximal relation. 
In [22], for distal minimal systems the authors showed that RP' (X) is a closed 
invariant equivalence relation, and the quotient of X under this relation is its max- 
imal (i-step nilfactor. So it remains the question open: is RP^ (X) an equivalence 
relation for any minimal system? The purpose of the current paper is to settle down 
the question. 

1.3. Main results. In this article, we show that for each minimal system Rp['^(X) 
is a closed invariant equivalence relation and the quotient of X under this relation 
is its maximal (i-step nilfactor. 

Note that a subset S" of Z is dynamically syndetic if there is a minimal system 
(X, T), X E X and an open neighborhood U oi x such that S = {n E Z : T"x G U}. 
Equivalently, 5* C Z is dynamically syndetic if and only if S contains {0} and I5 is a 
minimal point of ({0, 1}^, cr), where a is the shift map. A subset S of Z"' is syndetic 
if there exists a finite subset F C Z*^ such that S + F = Z^. A combinatorial 
consequence of our results is that if S* is a dynamically syndetic subset of Z, then 
for each ci > 1, 

{n = (ni, . . . , n^) G Z"* : e ■ n = Uiti H h Udtd E S, ti E {0, 1}, 1 < i < rf} 

is syndetic. In some sense this is the topological correspondence of the following 
result obtained by Host and Kra for positive upper Banach density subsets using 
ergodic methods. 

Theorem 1.2. [19, Theorem 1.5] Let A El. with d{A) > 6 >0 and let dEN, then 
{n = (ni,n2,...,n,)eZ'^:5( f| {A + e ■ n)^ > 6'"} 

eG{0,l}'* 

is syndetic, where d{B) denotes the upper density of B dl. 
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In |22] the authors showed that the regionally proximal relation of order d is 
an equivalence relation for minimal distal systems without using the enveloping 
semigroup theory except one known result that the distal extension between minimal 
systems is open (which is proved using the theory). In our situation we are forced 
to use the theory. The main idea of the proof is the following. First using the 
structure theory of a minimal system we show that the face transformations acting 
on the diagonal points are minimal, and then we prove some equivalence conditions 
for a pair being regionally proximal of order d. A key lemma here is to switch from 
a cubic point to a face point. Combining the minimality with the conditions we 
show that the regionally proximal relation of order d is an equivalence relation for 
minimal systems. Finally we show that RP' ' can be lifted up from a factor to an 
extension between two minimal systems, which implies that the factor induced by 
RP^ ^ is the maximal d-step nilf actor. It will be nice if one could have a proof of 
the minimality of face actions on the diagonal points without using the structure 
theory of minimal flows. 

We remark that many results of the paper can be extended to abelian group 
actions. 

1.4. Organization of the paper. In Section [21 we introduce some basic notions 
used in the paper. Since we will use tools from abstract topological dynamics, we 
collect basic facts about it in Appendix |Al In Section [3l main results of the paper 
are discussed. The three sections followed are devoted to give proofs of main results. 
Note that lots of results obtained there have their independent interest. In the final 
section some applications are given. 

1.5. Thanks. We thank V. Bergelson, E. Glasner, W. Huang, H.F. Li, A. Maass 
for helpful discussions. Particularly we thank E. Glasner for sending us his note on 
the topic, and H.F. Li for the very careful reading which helps us correct misprints 
and simplify some proofs. 

2. Preliminaries 

In this section we introduce notions about dynamical parallelepipeds and nilsys- 
tems etc.. For more details see [191 



2.1. Topological dynamical systems. A transformation of a compact metric 
space X is a homeomorphism of X to itself. A topological dynamical system, re- 
ferred to more succinctly as just a system, is a pair {X,T), where X is a compact 
metric space and T : X — )■ X is a transformation. We use p(-, ■) to denote the metric 
in X. We also make use of a more general definition of a topological system. That 
is, instead of just a single transformation T, we will consider a countable abelian 
group of transformations. We collect basic facts about topological dynamics under 
general group actions in Appendix [Al 

A system {X, T) is transitive if there exists some point x G X whose orbit 
0{x,T) = {T^x : n G Z} is dense in X and we call such a point a transitive 
point. The system is minimal if the orbit of any point is dense in X. This property 
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is equivalent to say that X and the empty set are the only closed invariant sets in 
X. 

2.2. Cubes and faces. Let X be a set, let d > 1 be an integer, and write 
[d] = {1,2, ... ,d}. We view {0,1}'^ in one of two ways, either as a sequence 
e = {ei,...,ed) of O's and I's; or as a subset of [d]. A subset e corresponds to 
the sequence (ei, . . . , e^) G {0, l}*^ such that z G e if and only if Cj = 1 for z G [d]. 
For example, = (0, 0, . . . , 0) G {0, 1}°' is the same to C [d]. 
If n = (rii, . . . , Ud) G Z"' and e G {0, 1}°', we define 

d 

n-e = ^riiei. 

If we consider e as e C [d], then n ■ e = J2iee ^«- 

We denote X^ by Xt"*!. A point x G Xt"*! can be written in one of two equivalent 
ways, depending on the context: 

x = (x, :eG{0,l}'^) = (x, :ec[ci]). 

Hence x^ = Xq is the first coordinate of x. As examples, points in X'^^ are like 

(xoo,a;io,xoi,xii) = (a;0,X{i},X{2},X{i_2}), 
and points in X'^^ are like 

(xooO) a^ioO) 2;oiO; a^iio? a^ooi, 2:101, xqh, xm) 
= (a;0, X{i}, X{2}, a;{i_2}, X{3}, X{i,3}, X{2,3}, a;{i,2,3})- 

For X G X, we write x^'''^ = {x,x, . . . ,x) G X'^^l. The diagonal of Xl''] is At''] = 
{x^'^ : X G X}. Usually, when d = 1, denote the diagonal by Ax or A instead of 

aw. 

A point X G X''^' can be decomposed as x = (x',x") with x',x" G X'-'^^^', where 
x' = {x^Q : e G {0, 1}°'"^) and x" = {x^i : e G {0, 1}'*"^). We can also isolate the first 
coordinate, writing XJ, = X^ "^ and then writing a point x G X''^' as x = (x0,x*), 
where x* = (x^ : e 7^ 0) G XJ, . 

Identifying {0, 1}'^ with the set of vertices of the Euclidean unit cube, a Euclidean 
isometry of the unit cube permutes the vertices of the cube and thus the coordinates 
of a point x G X''^'. These permutations are the Euclidean permutations of X^'^l For 
details see 



2.3. Dynamical parallelepipeds. 

Definition 2.1. Let (X, T) be a topological dynamical system and let d > 1 be an 
integer. We define Q['^1(X) to be the closure in X'*^' of elements of the form 

(T""x = T"i^i+-+-<^^dx : e = (ei, . . . , ed) G {0, 1}^), 

where n = (rii, . . . , Ud) G Z'^ and x G X. When there is no ambiguity, we write Q^*^ 
instead of Q['^](X). An element of Q['^1(X) is called a (dynamical) parallelepiped of 
dimension d. 
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It is important to note that Q'^' is invariant under the Euchdean permutations of 

As examples, Q^^' is the closure in X^^l = X^ of the set 

{{x, T™a;, T"x, T"+™x) ■.xeX,m,neZ} 
and Q'^' is the closure in X™ = X^ of the set 

{{x, T™x, T"x, T^+^x, TPx, T^+%, T"+%, T^+^+^a;) : x e X,m,n,p e Z}. 

Definition 2.2. Let : X ^ F and rf G N. Define cp^'^^ : Xl'^l ^ F^'^] by (^''^'x), = 
(pXe for every x G Xt'^l and every e C [d]. 

Let (X, T) be a system and rf > 1 be an integer. The diagonal transformation of 
Xt"^ isthemapTt'^l 

Definition 2.3. Face transformations are defined inductively as follows: Let T^"' = 
T, Tfl = id X T. If {T]'^"^'}^t} is defined already, then set 

j.[d] ^ yjd-i] ^ yjd-i]^ J G {1, 2, . . . , d - 1}, 

T/]=id['^-i]xT['^-i]. 

It is easy to see that for j G [d], the face transformation TJ : Xt'^J — )■ Xt'^J can be 
defined by, for every x G X''^' and e C [d], 

rp[d]^ = J (^/^^)^ = ^^^' i ^ ^5 

\ (7;['^Jx), = x„ J ^ 6. 

The /ace group of dimension rf is the group J-'^'^{X) of transformations of X''^' 
spanned by the face transformations. The parallelepiped group of dimension d is the 
group ^["'^(X) spanned by the diagonal transformation and the face transformations. 
We often write J^''^' and Q^'^ instead of J'^'^{X) and ^^'^^(X), respectively. For Q^^ 
and J-"'^', we use similar notations to that used for X^'^: namely, an element of either 
of these groups is written as S* = (S'e : e G {0, 1}'^). In particular, J'^'^ = {S G G^"^ : 
5*0 = id}. 



For convenience, we denote the orbit closure of x G X''^' under J-'^'^ by J-'['^](x), 
instead of C(x,J^M). 

It is easy to verify that Q''^' is the closure in X''^' of 

{Sx^^^ : S eT^'^^xeX}. 
If X is a transitive point of X, then Q''^' is the closed orbit of x^'^ under the group 

2.4. Nilmanifolds and nilsystems. Let G be a group. For g,h E G, we write 
[g, h] = ghg~^h^^ for the commutator of g and h and we write [A, B] for the subgroup 
spanned by {[a,6] : a G A, 6 G B}. The commutator subgroups Gj, j > 1, are 
defined inductively by setting Gi = G and Gj+i = [Gj, G]. Let /c > 1 be an integer. 
We say that G is k-step nilpotent if Gk+i is the trivial subgroup. 
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Let G be a fc-step nilpotent Lie group and T a discrete cocompact subgroup of 
G. The compact manifold X = G/T is called a k-step nilmanifold. The group G 
acts on X by left translations and we write this action as {g,x) ^-)■ gx. The Haar 
measure /i of X is the unique probability measure on X invariant under this action. 
Let T & G and T be the transformation x ^-)■ rx of X. Then {X,T,fi) is called a 
basic k-step nilsystem. When the measure is not needed for results, we omit and 
write that {X, T) is a basic fc-step nilsystem. 

We also make use of inverse limits of nilsystems and so we recall the definition 
of an inverse limit of systems (restricting ourselves to the case of sequential inverse 
limits). If (Xj,Tj)jgN are systems with diam{Xi) < M < oo and 0, : Xj+i — )■ Xj are 
factor maps, the inverse limit of the systems is defined to be the compact subset of 
HigN-'^* gi'^^'^ by {(xi)igN : 4>i{xi+i) = Xi,i e N}, which is denoted by lim{Xi}ieN- It 

is a compact metric space endowed with the distance p{x,y) = ^^g^j l/2*(ij(xj,yi). 
We note that the maps {Tj} induce a transformation T on the inverse limit. 

Theorem 2.4 (Host-Kra-Maass). [22l Theorem 1.2] Assume that {X,T) is a tran- 
sitive topological dynamical system and let d > 2 be an integer. The following 
properties are equivalent: 

(1) If x,y E Q,'-'^'{X) have 2"^ — 1 coordinates in common, then x = y. 

(2) If x,y E X are such that {x,y, . . . ,y) E Q[°'](X), then x = y. 

(3) X is an inverse limit of basic {d — l)-step minimal nilsystems. 

A transitive system satisfying either of the equivalent properties above is called a 
{d — l)-step nilsystem or a system of order {d — 1). 

2.5. Definition of the regionally proximal relations. 

Definition 2.5. Let (X, T) be a system and let d > 1 be an integer. A pair 
{x,y) E X xX is said to be regionally proximal of order d if for any 6 > 0, there exist 
x',y' E X and a vector n = (ni, . . . ,nd) E 1!^ such that p(x, x') < 5, piii^y') < 5, 
and 

p{T^'^x',T'^'^y') < 6 for any nonempty e C [d]. 

(In other words, there exists S E J-'^'^ such that p{S^x', S^y') < 5 for every e ^ 0.) 
The set of regionally proximal pairs of order d is denoted by RP^ ^ (or by RP^ \X) 
in case of ambiguity), which is called the regionally proximal relation of order d. 

It is easy to see that RP^ ' is a closed and invariant relation for all d E'H. Note 
that 

. . . C Rp[°'+i] C Rpl'^l C . . . C RPP] C Rp[i] = RP(X). 

By the definition it is easy to verify the following equivalent condition for RP^ \ 
see [221. 



Lemma 2.6. Let (X, T) be a minimal system and let d > 1 be an integer. Let 

n (x, 
(x,a„|/,a,)GQ['^+i]. 



x,y E X. Then {x,y) E RP''*' if and only if there is some a^, G XJ, such that 
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Remark 2.7. When d = 1, RP^ ' is the classical regionally proximal relation. If 
(X, T) is minimal, it is easy to verify directly the following useful fact: 

{x,y) e RP = RPW ^ {x,x,y,x) G Q^^' ^ {x,y,y,y) e Cf^. 

3. Main results 
In this section we will state the main results of the paper. 

3.1. J-'l'^l-minimal sets in Qt*^!. To show RP' ' is an equivalence relation we are 
forced to investigate the J-" ["^^ -minimal sets in Q''^^ and the equivalent conditions for 
j^pM Those are done in Theorem 13. II and Theorem 13.21 respectively. 

First recall that {Q;^'^\ Q^'^^) is a minimal system, which is mentioned in [22]- But 
we need to know J-'l'^l-minimal sets in Q''^'. Let (X, T) be a system and x E X. 
Recall that ^(x) = 0(x,J^M) for x e X^'^l Set 

Theorem 3.1. Let {X,T) be a minimal system, and (i G N. Then 

(1) (J^['^l(x['^l), J-'l'^l) is minimal for all x E X . 

(2) (J-'M(x['^l), J-'l'^l) is the unique J^^^-minimal subset in Q['^][x] for all x G X. 

3.2. RP' ' is an equivalence relation. With the help of Theorem 13. ![ we can 
prove that RP' ' is an equivalence relation. First we have the following equivalent 
conditions for RP^'^l 

Theorem 3.2. Let {X,T) be a minimal system and c? G N. Then the following 
conditions are equivalent: 

(1) (x,y)GRp['^]; 

(2) {x,y,y,...,y) = {x,y^^^'^)e^^; 

(3) {x, y,y,...,y) = {x, y^f^'^) G ^[<^+i](x['^+^l)- 

Proof. (3) =^ (2) is obvious. (2) =^ (1) follows from Lemma [2.61 Hence it suffices to 
show (1) => (3). 

Let {x,y) G RP^ ^. Then by Lemma 12.61 there is some a^, E Xi such that 
(x,a*,?/,a*) G Ql'^+^l. Observe that (y,a*) G Qf^'l By Theorem 13. 11 (2). there is a 
sequence {Fk} C J-'^"'^ such that Fk{y, a*) — t- y^'''\ A; — > oo. Hence 

Fk X Ffc(a;,a„y,a,) -> ix,y^f,y,yf) = (a;, yi'^+^l), k ^ oo. 

Since Fk x Fk E -Fl^^+^l and (x,a,,y,a,) G Ql'^+^l, we have that (x,i/i"'+^^) G Ql^+^l 

By Theorem 13.11 (1). y[°'+y is J-'l'^+^l-minimal. It follows that {x,yi ) is also 
j^'M+iLixiinimal. Now {x,yi ) G Qf''^"'^l[x] is J-'t'^^-'^l-minimal and by Theorem 13.11 
(2), J^['^+^l(x''^"^^l) is the unique J-'f'^'^^^ -minimal subset in Q['^"'"^1[x]. Hence we have 
that {x,yl ) G T^'^+^^{x^'^~^^^), and the proof is completed. D 



By Theorem 13. 2[ we have the following theorem immediately. 
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Theorem 3.3. Let {X,T) be a minimal system and d gN. Then RP^ (X) is an 
equivalence relation. 

Proof. It suffices to show the transitivity, i.e. if {x,y),{y, z) E RP' '(X), then 
{x,z) G Rpf'^](X). Since {x,y), {y,z) G Rp['^l(X), by Theorem [321 we have 



{y,x,x, . . . ,x),{y,z,z, . . . ,z) e J^i'^+^Ky^''^'^). 



By Theorem O (J'['^+i](y['^+^]), J'1'^+^1) is minimal, it follows that {y, z,z,...,z) G 
jr[d+i](^y^ x^x, . . . ,x). It follows that {x, z, z, . . . ,z) G J^['^+i](x['^+^]). By Theorem 
IMl again, {x,z) G Rp['^l(X). D 

Remark 3.4. By Theorem 13.21 we know that in the definition of regionally proximal 
relation of d, x' can be replaced by x. More precisely, (x,?/) G RP^ ^ if and only if 
for any (5 > there exist y' & X and a vector n = (ni, . . . , Ud) G Z'^ such that for 
any nonempty e C [d\ 

p{y,y')< 6 and p{T'^-^x,T^Y)< 6. 

3.3. RP' ' and nilfactors. A subset S* C Z is thick if it contains arbitrarily long 
runs of positive integers, i.e. there is a subsequence {ui} of Z such that S D 
[j°l^{ni,ni + 1, . . . ,ni + i}. 

Let {bi}i^j be a finite or infinite sequence in Z. One defines 

FS{{bi}i^i) = < y^ 6j : a is a finite non-empty subset of / [ 

Note when / = [d], 

FS{{h}U) = {E^^^^ ■■'=('^) ^ {0,1}'^ \{0}}. 

i€l 

F is an IP set if it contains some FS{{pi}'^^), where pi G Z. 

Lemma 3.5. Let (X, T) be a system. Then for every d eN, the proximal relation 

P(X) CRp[°'](X). 

Proof Let {x,y) G P(X) and 6 > 0. Set 

Ns{x,y) = {neZ:p{T^x,T''y)<6}. 

It is easy to check Ns{x,y) is thick and hence an IP set. From this it follows that 
P(X) C Rp['^l(X). More precisely, set FS{{pi}Zi) ^ Ns{x,y), then for any deN, 

p^TPi^i+-+p^^^x, TP^^^+-+P^^^y) <5, e = (ei, . . . , e,) G {0, 1}^ e ^ (0, . . . , 0). 

That is, (x, y) G RP^"'! for all deN. D 

The following corollary was observed in [23j for d = 2. 

Corollary 3.6. Let (X, T) be a minimal system and d eN. Then (X, T) is a weakly 
mixing system if and only if 

RpM = X X X. 
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Proof. Since a minimal system {X,T) is weakly mixing if and only if P{X) = 
RP(X) = X X X (see [I]), so the result follows from Lemma [3.51 D 

We remark that more interesting properties for weakly mixing systems will be 
shown in Theorem 13.111 in the sequel. 

Proposition 3.7. Let (X, T) be a minimal system and d eN. Then RP' ^ = A if 
and only if X is a system of order d. 

Proof. It follows from Theorem 13.21 and Theorem 12.41 directly. D 

3.4. Maximal nilfactors. Note that the lifting property of RP'^^l between two 
minimal systems is obtained in the paper. This result is new even for minimal distal 
systems. 

Theorem 3.8. Let tx : (X, T) -^ (F, T) he a factor map and c/ G N. Then 

(1) TT X 7r(Rp[''l(X)) C Rp['^](y); 

(2) if{X,T) IS minimal, then n x 7r(Rp[^l(X)) = Rp['^l(r). 

Proof. (1) It follows from the definition. 

(2) It will be proved in Section |6l D 

Theorem 3.9. Let vr : {X,T) — )■ {Y,T) be a factor map of minimal systems and 
d eN. Then the following conditions are equivalent: 

(1) {Y,T) is a d-step nilsystem; 

(2) RP['^1(X) cR^. 

Especially the quotient of X under RP''^^(X) is the maximal d-step nilf actor of X , 
i.e. any d-step nilf actor of X is the factor o/X/RP' '(X). 

Proof. Assume that {Y.,T) is a (i-step nilsystem. Then we have RPt'^(y) = Ay by 
Proposition 13.71 Hence by Theorem 13.81 (1). 

RpH(X) c(7rX7r)-i(Ay) = i?,. 

Conversely, assume that RP^ \X) C Rtt- If iy,T) is not a (i-step nilsystem, then 
by Proposition ETl Rp['^l(r) ^ Ay. Let {yi,y2) G Rp[^l\Ay. Now by Theorem ESI 
there are a:i,X2 G X such that (xi,X2) G RP^ '(X) with (vr x 7r)(xi,X2) = (l/i,l/2)- 
Since 7r(xi) = l/i 7^ 1/2 = 7r(x2), (xi,X2) ^ Rjr- This means that Rpf°'^(X) ^ i?^, a 
contradiction! The proof is completed. D 

Remark 3.10. In [22l Proposition 4.5] it is showed that this proposition holds for 
minimal distal systems. 

3.5. Weakly mixing systems. In this subsection we completely determine Q^*^ 

and J^M(x['^l) for minimal weakly mixing systems. 

Theorem 3.11. Let (X, T) be a minimal weakly mixing system and d>l. Then 

(1) (Q['^l,^['^]) IS minimal and Qt'^ = Xt'^l; 

(2) For all x E X, (J^M(a;['^l), J-"''^') is minimal and 



jrM](a;M) = {x} X Xl^] = {x} x X' 
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Proof. The fact that (Qt'^, ^I'^l) is minimal and QI"^] = X^"^^ is followed from (2) easily. 
Hence it suffices to show (2). 

We will show for any point of x G X^^ with a;0 = x, we have 



which obviously implies (2). First note that it is trivial for d = 1. Now we assume 
that (1), and hence (2) hold for d — 1, d >2. 

Let X = (x', x") e Q[^l. Since (X, T) is weakly mixing, (^x^d-i]^jid-i]^^ jg transitive 
(see pj). Let a G X^^^'^'^ be a transitive point. By the induction for d — 1, Q,^'^~^'^ = 
X'-'^^^' is ^['^1-minimal. Hence a G 0(x", ^["^"^1) and there is some sequence F^ G J-'^^' 
and w G X^^~'^'^ such that 

FfcX = Ffc(x', x") ^ (w, a), k^ oo. 



Especially (w,a) G J'M(x). Note that 

(T/])"(w,a) = (w, (T['^-i])"a) G Jl^(x). 

We have 

{w}xC(a,T['^-^]) C J^M(x) 
Since a is a transitive point of (X^'^~^\ 7"['^-i])^ ^ve have 



(3.1) {w} X Xl'^-il = {w} X C(a,T['i-il) C J^M(x). 

By the induction assumption for rf — 1, w is minimal for J^t"^"^] action and 



(3.2) J^['^-i](w) = C(w,J^['^-il) = {x} X Xj^-il. 
By acting the elements of J-'t^^ on (13. ip . we have 

(3.3) 0(w, J^['^-^l) X X^''-^^ C 7M(x). 
By (I32D and dSJl), we have 



{x} X Xt'^-i] X Xl'^-^l = {x} X Xl^l C J^M(x). 
This completes the proof. D 

Remark 3.12. We remark that using the so-called natural extension, it can be shown 
that the main results of the paper hold for continuous surjective maps. 

4. J'I°']-MINIMAL SETS IN Q^'^l 

In this section we discuss J-" t'^l -minimal sets in Q'"^' and prove Theorem I3.1l -(1). 
First we will discuss proximal extensions, distal extensions and weakly mixing ex- 
tension one by one. They exhibit different properties and satisfy our requests by 
different reasons. After that, the proof of Theorem 13. 11 (1) will be given. The proof of 
Theorem 13. ll -(2) will be given in next section. For notions which are not mentioned 
before see Appendix lAl 
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4.1. Idea of the proof of Theorem 13. 11 - (1). Before going on let us say something 
about the idea in the proof of Theorem 13. H -(l). By the structure theorem IA.6[ for 
a minimal system (X, T), we have the following diagram. 

Xna > X 



Y 

In this diagram Y^ is a strictly PI system, is weakly mixing and RIC, and tt is 
proximal. 

So if we want to show that {J^^'^{x^'^)^J^^'^) is minimal for all a; G X, it is sufficient 
to show it holds for X^x,- By the definition of X^ and 1^00 , h is sufficient to consider 
the following cases: (1) proximal extensions; (2) distal or equicontinuous extensions; 
(3) RIC weakly mixing extensions and (4) the inverse limit. Since the inverse limit 
is easy to handle, we need only focus on the three kinds of extensions. 

4.2. Properties about three kinds of extensions. In this subsection we collect 
some properties about proximal, distal and weakly mixing extensions, which will 
be used frequently in the sequel. As in Appendix [Aj (X, T) is a system under the 
action of a topological group T, and -E(X, T) is its enveloping semigroup. 

The following two lemmas are folk results, for completeness we include proofs. 

Lemma 4.1. Let n : (X, T) — )■ {Y,T) be a proximal extension of minimal systems. 
Letx G X, y = 7r(x) and let Xi,X2, ■ ■ ■ ,x„ G TT~^{y). Then there is somep G E{X, T) 
such that 

pxi = px2 = . . . = pxn = X. 
Especially, when x = Xi, we have that (xi, X2, . . . , Xn) is proximal to (x, x, . . . , x) in 

(x",r). 

Proof. Since (xi, X2) G -R^ C P(X, T), by Proposition lA.3l there is some p G E{X, T) 
such that pxi = px2. 

Now assume that for 2 < j < n — 1, there is some pi G E{X,T) such that 
PiXi = P1X2 = . . . = piXj. Since Rj, is closed and invariant and (xj,Xj+i) G Rjr, 
{piXj,piXj+i) G -Rtt C P(X, T). So by Proposition IA.3I there is p2 G E{X,T) such 
that P2{piXj) = p2{piXj+i). Let p = P2P1, then we have 

pxi = px2 = . . . = pXj = pXj+i. 

Inductively, there is some p G E{X, T) such that 

pXi = pX2 = . . . = pXn- 

Since (X, T) is minimal, we can assume that they are equal to x. 
If Xi = X, then pxi = px2 = . . . = pXn = x = xi and hence 

PyXi, X2, • • • ) Xfij yX, X, . . . , X) P\X, X, . . . , X). 

That is, (xi, X2, . . . , x„) is proximal to (x, x, . . . , x) in (X", T). □ 
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Lemma 4.2. Let vr : (X, T) — ?■ {Y,T) be a distal extension of systems. Then for 
any x & X, if 7c{x) is minimal in {Y,T), then x is minimal in (X, T). Especially, 
if {Y,T) is semi-simple (i.e. every point is minimal), then so is (X, T). 

Proof. Let x G X and y = tt{x). Since y is a minimal point, by Proposition IA.2I 
there is some minimal idempotent u e E{X,T) such that uy = y. Then tt{ux) = 
U7i{x) = uy = y. Hence ux,x G 7r~^{y). Since {ux,x) G P(X, T) (Proposition IA.3P 
and vr is distal, we have ux = x. That is, x is a minimal point of X by Proposition 
1X21 D 

Now we discuss weakly mixing extensions. We need Theorem 14.3^ which is a 
generalization of p], Chapter 14, Theorem 28]. Note that in [TTl Theorem 2.7 and 
Corollary 2.9] Glasner showed that i?" is transitive. So Theorem 14.31 is a slight 
strengthening of the results in [T7]. Since its proof needs some techniques in the 
enveloping semigroup theory, we leave it to the appendix. 

Theorem 4.3. Let vr : (X, T) — t- (Y, T) he a RIC weakly mixing extension of 
minimal systems, then for all n > 1 and y E Y , there exists a transitive point 
(xi,X2,...,x„) ofR"^ with Xi,X2,...,Xn G vr"^(y). 

Note that each RIC extension is open, and vr : X — )■ F is open if and only if 
Y — )■ 2^,y H-T- n~^{y) is continuous, see for instance [29]. Using Theorem 14.31 we 
have the following lemma, which will be used in the sequel. 

Lemma 4.4. Let tt : (X, T) — )■ {Y,T) be a RIC weakly mixing extension of minimal 
systems of (X, T) and {Y, T). Then for each y eY and d> 1, we have 

(1) i7r''{y)f = {n-\y)fcQ^'^{X), 

(2) for all X G X''^' with Xii, = x and 7r['^l(x) = y^^ 

{x} X {7r-\y)f^ = {x} X {n-\y)f-' C ^^(x). 

Proof. The idea of proof is similar to Theorem 13.111 When d = 1, for any {x,x') G 
XW = X X X, Jm{x,x') = 0{{x,x'),id xT) = {x} X X and QW(^) = X xX. 
Hence the results hold obviously. Now we show the case for d = 2. Let x = 
{xi,X2,X3,X4) G X'^l with 7rl^l(xi, X2,a;3, X4) = yl^l By Theorem 14. 3 j there is a 
transitive point (a, b) of {Rt^, T xT) with 7r(a) = 7r(6) = y. Since (X, T) is minimal, 
there is some sequence {nj} C Z such that T"'X3 — )■ a,i — > 00. Without loss of 
generality, assume that T"*X4 — )■ X4,'i — )■ 00 for some X4 G X. Since n{a) = y, 
'^{^4) = y too. So 

(4.1) (id X id X T X T)^'{xi,X2,X3,X4) — )■ {xi,X2,a,x'^), i -^ 00. 

Since (X, T) is minimal, there is some sequence {rrii} C Z such that T^^x'^ -^ b,i ^ 
cxD. Without loss of generality, assume that T"^'X2 -^ X2,i ^ 00 for some X2 G X. 
Since 7r(6) = y, 7r(a;2) = y too. So 

(4.2) (id X T X id X T)™'(xi,a;2, a, X4) -)■ {xi,X2,a,b), i -)■ cx). 
Hence by dH]) and (g^D, 



(4.3) (xi,a;'2,a,6) G J^[2](x). 
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Thus for all n G Z, 



(a;i,4,T"a,T"6) = (id x id x T x T)"(a;i, x^, a, 6) G J^[2](x) 
Since (a, 6) is a transitive point of (i?7r, T x T), it follows that 



(4.4) {x,} X {4} X 7r-i(y) X n-\y) C {xi} x {x'J x i?, C ^[2l(x). 

Now we show that 



(4.5) {xi} X n-\y) x n-\y) x 7r-i(y) = {x^} x (7r-^(y))3 C ^P](x). 

For any z G 7r^^(y), there is a sequence ki G 1^ such that T^^x'2 -^ z,i ^ cxd. 
Thus T'^'y = T^^it{x2) = n(T'''X2) — )■ 7r(z) = y,i ^ 00. Since tt is open, we have 
T^^Ti^^iy) = 'K~^{T^^y) — t- 7r^^(y),z — t- 00 in the Hausdorff metric. Thus 

{xi} X {z} X 7r-i(y)2 C U,^i(id x T x id x T)'=«({xi} x {x'J x 7r-i(2/)2) c ^^(x). 

Since 2; is arbitrary, we have (14. 5p . Similarly, we have ('7r~^(t/)) C Q[^1(X) and we 
are done for d = 2. 

Now assume we have (1) and (2) for d — 1 already, and show the case for d. Let 
X G X^'^ with X0 = X and 7rl°'](x) = yl°'l 

Let X = (x',x"). Since n is weakly mixing, (R^ ^T^'^~^'^) is transitive. By 
Theorem 14.31 there is a G -R^ which is a transitive point of {R^ ^j^I'^-i]) and 
7r[°'~"'^](a) = y^^~^\ Without loss of generahty, we may assume that a© = x'^ (i.e. 
the first coordinate of a is equal to that of x"), otherwise we may use the face 
transformation id''^"^^ x T^'^^^l to find some point in J^M(x) satisfying this property. 

By the induction assumption for rf — 1, 



2d-i_x 



Bi e {x;} X {n-\y)Y " C^[^-il(x"). 
Hence there is some sequence F^ G J-'^'^~^' and w G X^'^^'^' such that 
Fk X Ffc(x) = Ffc X Ffc(x', x") ^ (w, a), k^ 00. 



Especially (w,a) G J^['^l(x). Since 7rl°'](x) = y^"^ and vrt'^ -'^^(a) = y^'^ ^\ it is easy to 
verify that 7r['^~"^l(w) = y^'^~^^ and W0 = x. Note that 



(T]'l)"(w,a) = (w, (T['^-il)"a) G ^M(x). 

We have 

{w}xC»(a,T['^-^]) cJ^I'^Kx). 

And so 



(4.6) {w}x{n-\y)) C {w} x i?f = {w} x C(a,T['^-i]) C J^M(x). 

By the induction assumption for d — 1, for w we have 



(4.7) {x} X {7r-\y)) C J^l'^-^^ 



w 
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Hence for all z G {x} x (n^^(y)) , there is some sequence {-fffe} C J-'t'^^^^ such 

that Hf^w — )■ z, A; — 7- oo. Since it is open, similar to the proof of f l4.5p . we have that 

Hk {T^'^iy)f -^ (T^'^iy)? ,k^ oo. Hence 

Hk X Hk ({w} X {n-\y)y ) ^ {z} x {n-\y)f" ,k^oo. 

Since Hk x Hk G J-"' ' and z G {x} x (vr^ (y)) is arbitrary, it follows from 

(USD that 



,2''-^-l / _i . N\2''-^ r T / -1 / nxZ"-! 



{a;} X (7r-i(y))^ "^ x {n-\y)Y = {x} x {7r-\y)Y '' C J'l'^Kx). 

Now by this fact it is easy to get {7r-\y)f'^^ = in-\y)f^ C Q['^](X). So (1) and (2) 
hold for the case d. This completes the proof. D 

In fact with a small modification of the above proof one can show that R^ C 
Q['^1(X). We do not know if {x} x Rl"-^ c 7M(x). 

4.3. Proof of Theorem I3.1I -(1). A subset 5 C Z is a central set if there exists 
a system (X, T), a point x G X and a minimal point y G X proximal to x, and a 
neighborhood [/^ of y such that X(a;, Uy) C S", where X(x, Uy) = {n G Z : T^x G 
C/y}. It is known that any central set is an IP-set [11, Proposition 8.10.]. 

Proposition 4.5. Let vr : (X, T) — t- {Y,T) be a proximal extension of minimal 

systems andd G N. //(J'['^l(y['^]), J't'^^) is minimal for all y G F, then (J'[^l(xt'^]), J't'^^) 
zs minimal for all x & X . 



Proof. It is sufficient to show that for any x G J^^'^{x^'^)^ we have x^'^ G J-'['^](x). 
Let y = -n{x). Then by the assumption (J^['^l(?/['^1), J^''^') is minimal. Note that 
^[d] . (j^M(a;M)^ J^M) _). (J^M(yM), J^I'^l) is a factor map. Especially there is some 
y G J^(y[^]) such that 7r['^l(x) = y. 

Since y G J-'M(?/['^1) and (J-'['^](y['^l), J-'^'^^) is minimal, there is some sequence F^ G 
J'1'^1 such that 

i^fcy ^y^'^\ k^oo. 

Without loss of generality, we may assume that 

(4.8) FfcX -)■ z. A; -)■ oo. 

Then ir^'^^z) = limfc7r['^l(Ffex) = lim^ F^y = yl'^l That is, 

z,en-\y), VeG{0,l}". 

Since vr is proximal, by Lemma [4.11 there is some p G E{X,T) such that 

pz^ = px = X, Ve G {0, 1}"'. 

That is, pz = x^"^ = px^"^, i.e. z is proximal to x^'^ under the action of T^'^. Since 
a;M is Tt''] -minimal, for any neighborhood U of x'*^', 

XrM(z,U) = {n G Z : {T^'^Y^ G U} 
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is a central set and hence contains some IP set FS{{pi}°^^. Particularly, 

F5({p.}ti)CiV^M(z,U). 
This means for all e G {0, 1}"' \ {0}, 

(tM)p-^z G U, 
where p = (pi,p2, • • • ,Pd) G ^"'^ Especially, 

In other words, we have 

{T\^Y'{T\^Y^...{TfY^7,e\J. 



Since U is arbitrary, we have that x'*^' G J^['^](z). Combining with (I4.8p . we have 



Thus (J-'['^l(xt'^l), J-'t'^l) is minimal. This completes the proof. D 

Proposition 4.6. Let vr : (X, T) — )■ (1^, T) 5e a distal extension of minimal systems 
and den. If (7i^(yM)^ jr[rf]) ^^ minimal for all y eY, then (W\x^'^^) , J^^'^^) is 
minimal for all x E X . 



—)■ 



Proof. It follows from Lemma |42| since it is easy to check that n^^ : (J-'^'^^x^'^) , J-'^'^) 
(y\di(yW)^J^W) is a distal extension. D 

Proposition 4.7. Let n : {X,T) — )■ {Y,T) be a RIC weakly mixing extension of 
minimal systems and d E N. If (J-'^'^^y^^) , J-'^'^) is minimal for all y E Y, then 
(J-'['^](s['^]), J-'t'^]) is minimal for all x E X. 



Proof. It is sufficient to show that for any x G J-'^'^\x^'^) , we have x^'^ E J-'['^](x). 
Let y = n^x). Then by the assumption {J'^'^^(y^'^),J'^^) is minimal. Note that 
^[d] . (^j^[(t\(^x^<i]^,J^^'^^) — > (J^['^l(y['^]), J^l'^l) is a factor map. Especially there is some 
y G J^(yM) such that 7r["'l(x) = y. 



Since y G J-'M(yM) and (J-'["'](y[^l), J-'^'^^) is minimal, there is some sequence F^ E 
J^I'^l such that 

Without loss of generality, we may assume that 

(4.9) FfcX -)■ z, k ^ CO. 

Then n^'^{z) = limfc7r['^l(Ffex) = limfe F^y = y^"^. By Lemma|431 

E{x}x {n-\y)f'^ cW{z). 



X' 



Together with (14.91) . we have x^'^ E J-'['^l(x). This completes the proof. D 



S. Shao and X.D. Ye 17 

Proof of Theorem 13. ll -(l): By the structure theorem IA.6[ we have the foUowing 
diagram, where Y^o is a strictly Pl-system, is RIC weakly mixing extension and vr 
is proximal. 

Xno ;■ X 



Y 

Since the inverse limit of minimal systems is minimal, it follows from Propositions 
I4.5[ 14.61 that the result holds for Y^o- By Proposition 14.71 it also holds for X^o- Since 
the factor of a minimal system is always minimal, it is easy to see that we have the 
theorem for X. D 

4.4. Minimality of (Q''^', ^''^1). We will need the following theorem mentioned in 
[22] . where no proof is included. We give a proof (due to Glasner-Ellis) here for 
completeness. Note one can also prove this result using the method in the previous 
subsection. 

Proposition 4.8. Let (X, T) he a minimal system, and let d > 1 be an integer. Let 
A be a T^'^'^ -minimal subset o/Xl'^1 and set N = C(A,J^M) = d{[j{SA : S G J^t'^'}). 
Then {N,Q^'^) is a minimal system, and J-'^'^ -minimal points are dense in N. 

Proof. The proof is similar to the one in [16]. Let E = E(N, Q^"^) be the enveloping 
semigroup of (N, Q^"^). Let vr^ : X — )■ X be the projection of N on the e-th compo- 
nent, e G {0, 1}'^. We consider the action of the group Q^"^ on the e-th component 
via the representation T^'^ H- T and 

tW ^ j T, j G e; 
^^ ^ lid, J^e. 

With respect to this action of Q^'^ on X the map vr^ is a factor map n^ : (X, Q^"^) — )■ 
(X, ^['^l). Let TT* : E{N,Q^'^^) — )■ £'(X, ^I'^J) be the corresponding homomorphism of 
enveloping semigroups. Notice that for this action of Q^'^ on X clearly -E'(X, Q^*^) = 
E{X,T) as subsets of X^. 

Let now u G E{N,T^'^) be any minimal idempotent in the enveloping semigroup 
of {N,T^'^). Choose v a minimal idempotent in the closed left ideal E{N,Q^''^)u. 
Then vu = v, i.e. v <l u. Set for each e G {0, l}"^, u^ = ii*u and v^ = 7i*v. We 
want to show that also uv = u, i.e. u <l v. Note that as an element of E(N, Q^'^') is 
determined by its projections, it suffices to show that for each e G {0, l}'^, u^Ve = u^- 

Since for each e G {0, l}*^ the map vr* is a semigroup homomorphism, we have 
v^u^ = Ve Bs vu = V. In particular we deduce that v^ is an element of the minimal 
left ideal of E{X,T) which contains u^. In turn this implies 

and it follows that indeed uv = u. Thus u is an element of the minimal left ideal of 
E{N, Q^'^) which contains v, and therefore m is a minimal idempotent of E{N, Q^'^). 
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Now let X be an arbitrary point in A and let u G E{N,T^'^') be a minimal idem- 
potent with ux = X. By the above argument, u is also a minimal idempotent of 
E{N, ^M), whence N = 0(A^W^ = 0{x^g^ is ^["^l -minimal. 

Finally, we show J-"''^' -minimal points are dense in N. Let i? C iV be an J^^^- 
minimal subset. Then 0{B,T^'^) = [J{{T^'^)"-B : n G Z} is a ^[''1 -invariant subset 
of A^. Since {N,Q^'^) is minimal, 0{B,T^'^) is dense in A^. Note that every point in 
0{B,T^'^) is J-"'*^] -minimal, hence the proof is completed. D 

Setting A = A^^ we have 

Corollary 4.9. Let {X, T) be a minimal system, and let d > 1 be an integer. Then 
(Q''^',^^'^^ ^^ ^ minimal system, and J-'^'^ -minimal points are dense in Q''^'. 

5. Proof of Theorem 13. II - (2) 



In this section we prove Theorem 13. 11 - (2). That is, we show that (J-'[^l(xf'^l), J-'^'^^) 
is the unique J-'t"'^ -minimal subset in Qf"'^[x] for all x E X. 

5.1. A useful lemma. The following lemma is a key step to show the uniqueness 
of minimal sets in Q'*^' [x] for x E X. Unlike the case when (X, T) is minimal distal, 
we need to use the enveloping semigroup theory. 

Lemma 5.1. Let {X,T) be a minimal system and let d > 1 be an integer. If 
(^x^d—i]^^ G Qf'^l(X) for some w G Xt'^^^J and it is J-'^'^ -minimal, then 



[X 



[■^-i] w^ a Tld](A'i] 



w)ejr[d](a;['iJ). 



Proof. Since (a;'^ ^^w) G Q[^1(X) and {Cl'^'^,Q^^) is a minimal system by Corol- 
lary 14. 9[ (xt'^^^],w) is in the ^''^'-orbit closure of x^'^, i.e. there are sequences 
{nk}k, {nDk, • • • , {ni}k ^ Z such that 

Let 

ak = [TfY" . . . (Til-^l)"'"'(T[^-il)"^(x['^-i]), 
then the above limit can be rewritten as 

(5.1) (Ti'^])"Hak,ak) = (idl'^-^1 x T^'-^Y {^^.. ^^.) "> (a^'^-^W), k ^ oo. 

Let 

TTi : (X['^],^[^l) ^ (X['^-i],^['^]), (x',x") ^ x', 

Ti2 : (Xl'^l, J^I"^]) ^ (Xt'^-i], J^t'^l), (x',x") ^ x", 

be projections to the first 2'^~^ coordinates and last 2*^"^ coordinates respectively. 
For TTi we consider the action of the group J-'^'^^ on X^'^^^'^ via the representation 
Tl M— )■ T^ for 1 < i < d— 1 and T^ i— )■ id' ~ . For 112 we consider the action of 
the group J-'^"'! on X^"'^-'^] via the representation T^ 1— )■ T^ for 1 <i < d~ 1 and 
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Denote the corresponding semigroup homomorphisms of enveloping semigroups 

by 

Notice that for this action of J-'f"'^ on X^'^~^'^ clearly 

Til{E{X^'^,J^^'^)) = E(X[^-^l,J^[^-il) and tiI{E{X^'^,J^^'^)) = E{X^'^-^\g^'^-^"^) 

as subsets of (X^'^-i])^""". Thus for any p G E{X^'^\ J^^'^^) and x e X^'^\ we have 

px = p(x',x") = (7rt(p)x',7r;(p)x"). 

Now fix a minimal left ideal L of E(X[^1, J^I'^1). By ([SI]), aj, ^ xt^^-^ljA; ^ cx). 
Since {Q;^'^^^\X)^ Q^'^^^^) is minimal, there exists p^ G L such that ak = TxliPk)^^''''^^ ■ 
Without loss of generality, we assume that p/c — > p G L. Then 

T^l{pk)x^'^~^^ = ak ^ x'^-^l and Til{pk)x^'^-^^ -^ 'kI{p)x^'^-^\ 

Hence 

(5.2) 7r2*(p)a;[^-^l =a;[^-^l. 

Since L is a minimal left ideal and p G L, by Proposition lA.ll there exists a 
minimal idempotent v G J(L) such that vp = p. Then we have 



n;{v)x^'^-^^ = n;{v)7r;{p)x^'^-^^ = n;{vp)x^'^-^^ = n;{p)x^- - = x^' 



Let 



be the Ellis group. Then F is a subgroup of the group vL. By f l5.2p . we have that 
pe F. 

Since F is a group and p E F. We have 

(5.3) pFx^''^ = Fxl'^l C n^^x^"^-^^). 

Since vx^'^ G Fxt'^l, there is some Xq G Fxt'^l such that tjx^^ = ^Xq. Set Xk = Pk^o- 
Then 

Xk = PfcXo -)■ pxo = vx^'^'^ = {7il{v)x^'^'^\x^'^''^^), A; -> oo, 
and 

vr2(xk) = 7r2(pfcXo) = 7r;{pk)x^'^-^^ = ak ^ s^'^-^], /c ^ oo. 

Let Xk = (bk,ak) G Jl^(x['^l)- Then lim^ bk = 7il{v)x^'^-^l 
By (EH]), we have (T['^-^])"*ak -^ w, fc -)■ oo. Hence 

(5.4) (idl'^-il X r['^-i])"^(bk,ak) = (bk, (T['^-il)"'=ak) ^ (7rt(t;)x['^-^], w), fc ^ oo. 
Since idt"^"^] x T^'^'^^ = Tf^ G J^I^^ and (bk, ak) G 7i^(x["']), we have 



x^ 



(5.5) (7rt(t;)x^'^-^J,w)GJ^M( 

Since (xf''~^J,w) is J^^*^ minimal by assumption, by Proposition IA.2I there is some 
minimal idempotent u G t/(L) such that 

u{x^''-^\w) = (7r*(n)a;[^-^U2*(M)w) = {x^''~^\w). 
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Since M,f G L are minimal idempotents in the same minimal left ideal L, we have 
uv = u hj Proposition lA.ll Thus 

u{'kI{v)x^'^-^\w) = {7cl{u)7rl{v)x^^-^\7T;{u)w) 

= {7rl{uv)x^''-'\w) = {7vl{u)x^''-'\w) = (x[^-il,w). 

By (15.51) . we have 

{x^'^-'\w) eJ^ix^'^^). 

The proof is completed. D 

5.2. Proof of Theorem I2II]- (2). Let (X,T) be a system and x e X. Recall 

With the help of Lemma 15.11 we have 

Proposition 5.2. Let {X,T) be a minimal system and let d > 1 be an integer. If 
X G Qt"'][x], then 



Especially, {J-'^'^^x^'^) , J-'^'^) is the unique J-'^'^ -minimal subset in Q,^'^[x]. 

Proof. It is sufficient to show the following claim: 

S(d): Ify^E Q;^'^\x\, then there exists a sequence F^ G J^^'^ such that -Ffc(x) — )■ x^'^ . 

The case S(l) is trivial. To make the idea clearer, we show the case when d = 2. 
Let {x,a,b,c) G Qf^l(X). We may assume that {x,a,b,c) is J^t^l- minimal, or we 
replace it by some J-'l^l-minimal point in its J-''-'^' orbit closure. Since (X, T) is 
minimal, there is a sequence {uk} C Z such that T"''=a — )■ x. Without loss of 
generality we assume T"'''c — )■ c'. Then we have 

(Tfl )"'=(a;,a,6,c) = (id x T x id x T)"'=(x, a, 6, c) -> {x,x,b,c'), k ^ oo. 
Since (x, a, b, c) is J-"'^! -minimal, {x, x, b, c') is also J-'t^l-minimal. By Lemma 15. ![ 
{x,x,b,c') G ^(xl^l)- Together with id x T x id x T = Tf^ G J^'^] ^nd the 
minimality of the system (J-'[^l(x[^]), J-'t^') (Theorem 13.11 (1)). it is easy to see there 
exists a sequence F^ G -7-"'^^ such that Fk{x, a, b, c) — )■ x'^l Hence we have S(2). 

Now we assume S(d) holds for d > 1. Let x G Q['^^^l[x]. We may assume that x 
is J-'''^^^l-minimal, or we replace it by some J-'['^"'"^l-minimal point in its J-'f'^^^l-orbit 
closure. Let x = (x',x"), where x', x" G X''^'. Then x' G Q['^l[x]. By S(d), there is 
a sequence Fk G J^^'^ such that F^x' — )■ x^"^. Without loss of generality, we assume 
that -Ffcx" — 7- w. A; — )■ oo. Then 

{Fk X Ffc)x = {Fk X F,)(x',x") ^ (xl'^l, w) e Q^^'+'^X), k ^ oo. 

Since F^ x F^ G J^t'^+^l and x is J-" ["^+^1 -minimal, (x['^l,w) is also J-" t'^+^J -minimal. By 
Lemma EH {x^'^\w) G jr[a!+i](a;['i+i]). Since (J^[rf+i](a;['^+il), J^I'^+il) is minimal by 
Theorem 13.11 (1). we have x^'^'^^^ is in the J-" [''"'" ^^ -orbit closure of x. Hence we have 
S(d-|-1), and the proof of claim is completed. 
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Since a;^"'] G J-'['^l(x) for all x E Q}-'^[x] and (J'^'^^x^^''^) , J-'^^'^) is minimal, it is easy 
to see that (J-'^'^^x^^) , J-'^^) intersects all J-'l'^l-minimal sets in Qt°'l[s] and hence it is 
the unique J-'l'^l-minimal set in Q['^l[x]. The proof is completed. D 

6. Lifting RP''^' from factors to extensions 

In this section, first we give some equivalent conditions for RP' ^, and give the 
proof of Theorem 13. 81 -(2). i.e. lifting RP' ^ from factors to extensions. 

6.1. Equivalent conditions for RP' '. In this subsection we collect some equiv- 
alent conditions for RP^ K 

Proposition 6.1. Let {X,T) be a minimal system and d eN. Then the following 
conditions are equivalent: 

(1) {x,y)eRP^''\- 

(2) {x,y,y, ...,y) = {x,y^^^'^) G ^['^+i](x['^+^l); 

(3) {x,x^f\y,x^^^) G J^[^+i](x[^+il)- 

Proof. By Theorem 13.21 we have (1) -v^ (2). By Lemma fLE\ we have (3) =^ (1). Now 

show (2) ^ (3). 

If (2) holds, then {x,y,y, ...,y) = {x,y^) G jr[d+i](a;[d+i]) and (a^y) G RP''^'. 
Since {x,y) G RPt*^! C RP''^"^', {x,y]f^) G ^[^(xl'^l)- By Theorem EH (^[^(xt'^]), J^I'^l) 
is minimal. There is some sequence Fk G J-'f'^^ such that Fk{x,yi ) — )■ x^'^\ A; — )• oo. 
Then 

Fk X Fk{x,y^:'\y,y^f) ^ (x,x['^U,4"), k ^ oo. 
Thus we have (3), and the proof is completed. D 

Lemma 6.2. Let {X,T) be a minimal system. Then {x,y) G RP''^^(X) if and only 
if {x,x, . . . , X, y) G Q'^^^-^J . 

Proof. If (a;, y) G RP'''^, then by Proposition [6?T1 we have (x, xV ,y,x\, ) = {x^'^\y,x\: ) 
G Qt'^"^^'. Since Qt'^+^l is invariant under the Euclidean permutation of X^'^^^\ we 
have (x, x, . . . , X, y) G Q''^"^^'. 

Conversely, assume that (a;,a;, . . . ,x,y) G Q''^^^^. Since Qt'^+^J is invariant under 
the Euclidean permutation of X^'^^'^\ we have (x,xi ,|/,xl, ) G Ql'^^-'^l. This means 
that {x,y) G RP^^^^ by Lemma EH D 

6.2. Lifting RP^ ^ from factors to extensions. In this section we will show 
Theorem 13. 81 (2). First we need a lemma. 

Lemma 6.3. Let tt : {X,T) — )■ {Y,T) be an extension of minimal systems. If 
(1/1,2/2) G P(X,T) and xi G 'n'^^iyi) then there exists X2 G 'n'~^{y2) such that 
(xi,X2)gP(X,T). 

Proof. Since (^1,^2) G PiYjT), by Proposition IA.3I there is an minimal idempotent 
u G E{X,T) such that uyi = uy2 = 2/2- Let X2 = uxi, then 7r(a;2) = uyi = y2. By 
Proposition IA.3I (xi . Xo) G P(X, T) and n x 7r(xi,X2) = (2/1,2/2)- D 
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Theorem 6.4. Let n : {X, T) — )■ {Y, T) be an extension of minimal systems. If 
(1/1,1/2) e RP['^](F), then there is (^1,^2) G RP''^'(X) such that 

TT X 'ii{zi,z2) = iyi,y2)- 

Proof. First we claim that it is sufficient to show the resuh when [yi, 2/2) is a minimal 
point oi {Y X Y,T xT). As a matter of fact, by Proposition IA.3I there is a minimal 
point (1/^,1/2) G 0{{yi,y2),T xT) such that (1/1,2/2) is proximal to (1/1, 1/2)- Now 
{y'iiy'2) is niinimal and (1/1,1/2) ^ -R-P (^)- If "we have the claim already, then there 
is (a;'i,x'2) e RP['^](X) with vrx 7r(x'i,x'2) = (i/l,i/^). Since {y^,y[), (1/2,1/^) G P(y,T), 
then by Lemma [631 there are xi,X2 G X with vr x 7r(a;i,X2) = (l/i,l'2) such that 
(a;'i,xi), (x'2,X2) G P(X,T). This implies that (xi,a;2) G Rp['^l(X) by Theorem^ 
Hence we have the result for general case. 

So we may assume that (1/1,1/2) is a minimal point of (F x F, T x T). To make 
the idea of the proof clearer, we show the case for d = 1 ffist (see Figure 1). Since 

(1/1,1/2) G RP'"'^^(F), by Proposition Em (1/1,1/1,1/2,1/1) G F^'^\y\). So there is some 
sequence F^ G J-''^^ such that 

Fkyf" -^ (1/1,1/1,1/2,1/1), k -^ 00. 
Take a point Xi G 7r^^(yi). Without loss of generality, we may assume that 

Fkx[^ -)■ (xi,a;2,X3,a;4), k ^ 00. 

Then 7rl^l(a;i,a;2, X3,a;4) = (1/1, 1/1,1/2, l/i)- Take {n^} C Z such that T^'^X2 -^ xi,k -^ 
00 and assume that T^'^x^ -^ x'^,k -^ 00. Then 

(id X T X id X T)"'=(a;i,X2, X3,X4) — )■ {xi,Xi,X3,x'^), A; — t- 00. 

Since id x T x id x T = T^' G J^'^^, we have (a;i,a;i,a;3,x^) G 7i2](3,[2]), ^ow take 
{mfc} C Z such that T'^'^x^ — )■ Xi, A; — )■ cx) and assume that T"^''x'^ — )■ X4, fc — )■ 00. 
Then 

(id X id X T X T)'^'' {xi, Xi, Xs, x'^) — )■ (xi,a;i,Xi,X4), A; — )■ 00. 

Since id x id x T x T = Tg G -F^^', we have (xi,Xi,Xi,X4) G ^-'[^'(xi ). By Lemma 
E^{xi,x'l) G RPW(X). Let 1/3 = 7r(x;[). Note that (xi,0 G C((x3,x^),T x T), 
and we have (1/3,1/1) G 0{{yi,y2),T x T). Since (1/1,1/2) is T x T-minimal, there is 
a sequence {0^} C Z such that (T x T)"^* (1/3,^1) ^ (7/1,1/2), A; — ^ 00. Without loss 
of generality, we may assume that there are 2;i , ^2 G X such that 

(T X TY'^{x'ixi) ^ (^1,^2), k^oo 

Since (a;i,a;4) G RP'^^(X) and RP'^^(X) is closed and invariant, we have {zi, Z2) G 
0{{x'l,Xi),TxT) C RPW(X). Note that 

TT X 7f{z,,Z2) = lim(T X T)"'=(7r«),vr(xi)) = lim(T x Ty''iy^,y,) = (1/1,1/2), 

fc k 

we are done for the case d = 1. For the proof when d = 2, see Figure 2. 
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Figure 1. The case d = 1 
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Figure 2. The case d = 2 



The idea of the proof in the general case is the following. For a point x G J-'['^+^l(a;i) 
we apply face transformations F^ such that the first 2'^-coordinates of xi = lim F^'^x 
will be x[ . Then apply face transformations F2 such that the first 2'^ + 2^~^- 
coordinates of X2 = limF2^Xi will be {x[ ,x[ ). Repeating this process we get a 
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point {{x[ )*,X2) G J-'['^+y(xi) which imphes that (xi,X2) G RPf°'^(X). Then we 
use the same idea used in the proof when d = 1, 2 to trace back to find {zi, Z'l). Here 
are the details. 

Now let (1/1,1/2) G Rp['^(y), then by PropositionEH {yf ,y2, (yf )*) G jr[d+i](y['^+^l^ 
So there is some sequence F^ G J^l'^+^1 such that 

Without loss of generality, we may assume that 

(6.1) Fkx('^ -)■ X, k ^ 00. 

Then x^j = Xi and 7r[''+^l(x) = {y\^,y2, {y\^)*)- 

Let XI = (xe : e(rf+ 1) = 0) G Xl'^l and xn = (x, : e{d + 1) = 1) G X^. Then 
X = (xi,xn). Note that 

7r['^](xi) = n^'^x?) = y?, and 7r['^l(x„) = {y^, (y?).). 

By Proposition 15. 2[ there is some sequence F^ G J-'^'^ such that 

Ffc^(xi) -)■ xj^'. A; -)■ 00. 

We may assume that 

^fc(xii) -> xii. A; ^ 00. 

Note that 7rM(x„) = 7rM(xii) = (?/2, (l/f^)*)- 

Let F;i = {S^, : e' G {0, l}-^). Let Hi = {S^ : e G {0, 1^+^) G J^t'^+i] such that 

{S^ : 6 G {0, l}'^+\ 6(d + 1) = 0) = {S^ : e G {0, l}'^+\ e(rf +!) = !) = F^ 

Then 

i7,i(x) = F', X F,i(xi,x„) ^ (xS'',x'„) 4 x^ G 7I^(xS'^+^]), fc ^ 00. 

Let y-*" = 7r['^+^l(x-'-). It is easy to see that x] = xi if e{d + 1) = 0. For y-*-, 
y{d+i} = ?/oo...oi = y2 and y^ = yi for all e ^ {d + 1}. 

Let xj = (x, : e G {0, lY+\ e{d) = 0) G Xt*^] and xjj = (x, : e G {0, l}^+\ e{d) = 
1) G Xt'*]. By Proposition 15.21 there is some sequence F^ G J-'^'^ such that 

F,2(xJ) ^ xS^ F,2(xi\) ^ xj/, fc ^ 00 

and vr['^l(xj/) = (?/i "^ ,1/3, (2/1 )*) for some y^ G 1". 

Let Fi = {S^, : e' G {0, l}'^). Let if| = (5,^ : e G {0, Ij'^+i) G J^l^+^l such that 

(^^'^ : 6 G {0, l}^+\ e(rf) = 0) = (^^'^ : e G {0, l}^+\ e(rf) = 1) = F,l 

Then let 

Hli^^) ^ x^ G 7i^^(xf+'l), A; ^ 00. 

Let y^ = 7rl"'+^l(x^). Then -f^|(y^) -)■ y^. A; -)■ 00. From this one has that (2/3, yi) G 
0{{yi,y2),T X T). By the definition of x^,y^, it is easy to see that x^ = Xi if 
e{d + 1) = or e{d) = 0; yfa^+i} = 2/00...011 = Vs and y,^ = y^ for all e 7^ {rf, d + 1}. 

Now assume that we have xJ G J-'['^+il(x^ ) for 1 < j < (i with 7r['^+^](xJ) = yj 
such that xi = Xi if there exists some k with d — j + 2<k<d + l such that 
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e{k) = 0; yld-j+2,...Ad+i} = ^i+i ^^^ ^^ = yi ioi all e ^ {d- j + 2, ... ,d,d + 1}, and 
{y,+i,yi) G 0{{yi,yj),TxT). 

Let xJj = (x, : e G {0, l}'^+\ e(c; - j + 1) =0) G X^ and xji = (x^ : e G 
{0, l}'^"-'^^, e((i — j + 1) = 1) G X'*^!. By Proposition 15. 2[ there is some sequence 
F^'+^ G J^["'] such that 

Let Fi^^ = {S^, : e' G {0, 1}'^). Let /7^+^ = {S^ : e G {0, l}^+i) G J^t'^+^1 such that 
(S,'^ : e G {0, lY+\e{d-j + 1) = 0) = {S^ : e G {0, l}'^+\ e(d - j + 1) = 1) = Ff \ 

Then let 

i7^+'(xJ) ^ xJ+^ G ^[^+il(,Tf+']), A; ^ oo. 

It is easy to see that xi~^^ = Xi if there exists some k with d — j + l<k<d + l 
such that e(/c) = 0. 

LetyJ+i = 7r['^+il(xJ+i). Then y^+i = yi for all e 7^ {d-j + 1, rf-j + 2, . . . , c/ + l}, 
and denote 2/|^_^_^i ,i_j+2,...,d+i} = l/i+2- Note that if|(yj) -> yj+^, /c -> 00. From 
this one has that (%+2,|/i) G C((|/i,?/j+i),T x T). 

Inductively we get x-*^, . . . , x'^^-'^ and y-*^, . . . , y*^^"*^ such that for all 1 < j < d + 1 

xJ G ^[^^+^1(0;^ ) with 7rt'^^^](xJ) = yj. And x^ = Xi if there exists some k with 
d- j + 2 < k <d+l such that e(A;) = 0; yld-j+2,...,d,d+i} = yj+^ ^^^ Vi = V^ ^^^ ^^^ 
e^{d-j + 2,...,d,d+l},and{yj+^,y,)eO{iyi,y,),TxT). 

For x'^"'""'", we have that xf~^^ = xi if there exists some k with 1 < k < d+ 1 such 
that e(/c) = 0. That means there is some X2 G X such that 

x'^+i = (xi, xi, . . . , xi, X2) G 7i^+i](xS''+']). 

By Lemma [621 (a;i,X2) G RPf"'l(X). Note that 7r(x2) = yd+2- 

Since (^^+1,1/1) G 0{{yi,yj),T x T) for all 1 < j < rf + 1, we have {yd+2,yi) G 



0{{yi,y2),T X T) or (1/1, ^^+2) G 0{{yi,y2) ,T x T). Without loss of generality, we 
assume that {yi,yd+2) G 0{{yi,y2),T x T). Since {yi,y2) is T x T-minimal, there 
is some {rifc} C Z such that (T x T)"* (1/1,1/^+2) — )■ (1/1,1/2), /c — )■ 00. Without loss of 
generality, we assume that 

(TxT)'^'=(xi,X2) -> (^1,^2), k^oo. 

Since RP' (X) is closed and invariant, we have 

{z,,Z2) G 0((xi,X2),TxT) C RP['^1(X). 

And 

n X 7r(zi,Z2) = hm(T x T)'^H7r(xi), vr(x2)) = lim(T x r)"Hl/i,Z/d+2) = (1/1,1/2). 

fe k 

The proof is completed. D 
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7. A COMBINATORIAL CONSEQUENCE AND GROUP ACTIONS 

7.1. A combinatorial consequence. We have the following combinatorial conse- 
quence of the fact that (J-'M(a;I°']), J-'^'^l) is minimal. 

Proposition 7.1. Let {X,T) be a minimal system,, x G X and U he an open neigh- 
borhood of X. Put S = {n E 1j : T"x G U}. Then for each d > 1, 

{{ni, ...,nd)eZ'^: riiei + ■■■ + n^erf e S,ei e {0,1},1 < i < d} 

is syndetic. 

Proof. This follows by that fact that x^^ is a minimal point under the face group 
action J^t'^l D 



To understand S better we show the following proposition which is similar to 
Proposition 2.3]. Note that a collection J^ of subsets of Z is a family if it is upwards, 
i.e. Ae T and Ac B imply that 5 G J". 

Proposition 7.2. The family of dynamically syndetic subsets is the family generated 
by the sets S whose indicator functions Is are the minimal points of {{0, l}^,a) and 
G 5", where a is the shift. 

Proof. Put S = {0, 1}^. We denote the family generated by the sets containing {0} 
whose indicator functions are the minimal points of (S, a) by Tm- Clearly, if Ip is 
the indicator function of F then F = N{1f, [1]), where [1] = {s G S : s(0) = 1}. 
Hence J^m is contained in the family of dynamical syndetic subsets. 

On the other hand, let A be a dynamical syndetic subset. Then there exist a 
minimal system (X, T) with metric d, x E X and an open neighborhood V^ of x such 
that A D N{x, V) = {n E 1j : T"x G V}. It is easy to see that we can shrink V to 
an open neighborhood V of x whose boundary is disjoint from the orbit of x. 

Then do the classical lifting trick, a la Glasner, Adler etc. Let 

Y = {{z,t) eXxj:-. t{{) = 1 implies Tz G c\{V') and t{i) = implies Tz G d{X\V')} 

Then F is a T x a-invariant closed subset of X x S. Since the orbit of x doesn't 
meet the boundary of V, there is a unique t G S such that {x, t) E Y and t is 
the indicator function of N{x,V'). Take a minimal subset J of {Y,T x a) with 
J C 0{{x,t),T X a) and let vrx : ^ — ;• X be the projective map. Since (X, T) is 
minimal, 7Tx{J) = X. Hence {x, t) G J . Projecting J to S we see that t is a minimal 
point. Hence A G J-^ as A D X(a;, V) and t = lN{xy')- D 

Remark 7.3. We note that if 5* is a syndetic subset of Z then S — S D Si — Si ioi 
some dynamically syndetic subset Si. 

7.2. Abelian group actions. 

Definition 7.4. Let X be a compact metric space, G be an abelian topological 
group acting on X and let c? > 1 be an integer. A pair {x,y) G X x X ia said to 
be regionally proximal of order d of G-action if for any 6 > 0, there exist x', y' E X 
and a vector n = (ni, . . . , rid) ^ C"' such that p(x, x') < 5, p{y, y') < 5, and 

p{T^'^x', T^"y') < 5 for any nonempty e C [d]. 
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where n ■ e = Xlige^j- The set of regionally proximal pairs of order d of G- action is 

denoted by RP^ (X), which is called the regionally proximal relation of order d of 
G-action. 

A subset S" C G is a central set if there exists a system (X, G), a point x G X and a 
minimal point y proximal to x, and a neighborhood Uy of y such that N{x, Uy) C 5*. 
The notion of IP-set can be defined in this setting too. By the proof of Furstenberg 
[11, Proposition 8.10.] we have 



Lemma 7.5. Let G he an abelian group. Then any central set is an IP-set. 

So we have 

Lemma 7.6. If{X,G) is minimal, then P(X) C RPg^(X). 

At the same time the notions of face group and parallelepiped group can be 
defined. So we have the following theorem by our proof 

Theorem 7.7. Let (X, G) a minimal system with G being abelian. Then RPy(X) 
is a closed invariant equivalence relation. So {X/'RPq(X),G) is distal. 



Similar to [22] we may define 

Definition 7.8. Let (X, G) a minimal system with G being abelian. We call 
(X/RPy(X),G) the c?-step nilfactor for G-action. 

We think that it will be interesting to study the properties of (X/RPy(X),G) 
or more general group actions. 

Appendix A. Basic facts about abstract topological dynamics 

In this appendix we recall some basic definitions and results in abstract topological 
systems. For more details, see [H H [IS Hg |28l [29] . 

A.l. Topological transformation groups. A topological dynamical systems is a 
triple X = (X, T, n), where X is a compact T2 space, T is a r2 topological group 
and n:TxX— i-Xisa continuous map such that n(e, x) = x and n(s, n(t, x)) = 
n(st,x). We shall fix T and suppress the action symbol. In lots of literatures, X 
is also called a topological transformation group or a flow. Usually we omit 11 and 
denote a system by (X, T) . 

Let (X, T) be a system and x G X, then 0{x, T) denotes the orbit of x, which 
is also denoted by Tx. A subset A C X is called invariant if ta C A for all 
a E A and t E T. When y C X is a closed and T-invariant subset of the system 
(X, T) we say that the system (F, T) is a subsystem of (X, T). If (X, T) and (F, T) 
are two dynamical systems their product system is the system (X x F, T) , where 
t{x^y) = itx,ty). 

A system (X, T) is called minimalii X contains no proper closed invariant subsets. 
(X, T) is called transitive if every invariant open subset of X is dense. An example 
of an transitive system is a point-transitive system, which is a system with a dense 
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orbit. It is easy to verify that a system is minimal iff every orbit is dense. The 
system {X, T) is weakly mixing if the product system {X x X, T) is transitive. 

A homomorphism (or extension) of systems tt : (X, T) — t- {Y, T) is a continuous 
onto map of the phase spaces such that TT{tx) = t7r(x) for all t G T, x G X. In this 
case one says that {Y, T) is a factor of (X, T) and also that (X, T) is an extension 
of (F,r). Define 

Rtt = {(a;i,X2) : vr(xi) = vr(x2)}, 
then Y = X/R^. Forn > 2, define 

i?" = {(a;i,X2,...,a;„) G X" : 7r(si) = 7r(x2) = ... = vr(x„)}, 

and let Rl= X. 

A. 2. Enveloping semigroups. Given a system (X, T) its enveloping semigroup 
or M/zs semigroup E{X, T) is defined as the closure of the set {t : t G T} in X"^ 
(with its compact, usually non-metrizable, pointwise convergence topology). For an 
enveloping semigroup, E ^ E : p \-^ pq and p i— )■ tp is continuous for all g G i? and 
t E T. Note that (X"^, T) is a system and {E{X, T), T) is its subsystem. 

Let (X, T), {Y,T) be systems and vr : X — )■ y be an extension. Then there is 
a unique continuous semigroup homomorphism vr* : E{X, T) — !■ E{Y, T) such that 
7r(px) = 7r*(p)7r(x) for all x G X, p G E{X,T). When there is no confusion, we 
usually regard the enveloping semigroup of X as acting on Y: pTx{x) = 7c{px) for 
xGX andpG E{X,T). 

A. 3. Idempotents and ideals. For a semigroup the element u with u"^ = uis called 
an idempotent. Ellis-Namakura Theorem says that for any enveloping semigroup E 
the set J{E) of idempotents of E is not empty |lj. A non-empty subset I G E is 
a left ideal (resp. right ideal) if it EI C / (resp. IE C /). A minimal left ideal is 
the left ideal that does not contain any proper left ideal of E. Obviously every left 
ideal is a semigroup and every left ideal contains some minimal left ideal. 

We can introduce a quasi-order (a reflexive, transitive relation) <l on the set 
J{E) by defining v <l u ii and only if vu = v. li v <l u and u <l v we say that 
u and V are equivalent and write u ~l v. Similarly, we define </? and ~ij. An 
idempotent u G J{E) is minimal if u G J{E) and v <l u implies u <l v. The 
following results are well-known O [12]: let L be a left ideal of enveloping semigroup 
E and u G J{E). Then there is some idempotent v in Lu such that v <r u and 
V <L u] an idempotent is minimal if and only if it is contained in some minimal left 
ideal. 

Minimal left ideals have very rich algebraic properties. For example. 
Proposition A.l. Let I be a minimal left ideal, then 

(1) / = UueJf/) ^-^ ^'^ ^^'^ partition and every ul is a group with identity u G J{I)- 

(2) All minimal idempotents in the same minimal left ideal are equivalent to each 
other, i.e. for all u,v E J{^)> u ~l v. 
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Let (X, T) be a system and E{X, T) be its enveloping semigroup. A subset I C 
E{X, T) is a closed left ideal of E{X, T) iff (/, T) is a subsystem of {E{X, T),T). 
And / is a minimal left ideal of E{X^ T) iff (/, T) is minimal. Let / C E{X, T) be 
a minimal left ideal. Then for all x & X, Ix = {px : p G /} is a minimal subset of 
X. Especially if {X, T) is minimal itself, then X = Ix for all a; G X. It follows that 

Proposition A. 2. A point x E X is minimal if and only if ux = x for some u E I . 

A. 4. Universal point transitive system and universal minimal system. For 

fixed T, there exists a universal point-transitive system ^7- = (5*7-, T) such that T 
can densely and equivariantly be embedded in Sj-- The multiplication on T can be 
extended to a multiplication on S-j-, then Sj- is a closed semigroup with continuous 
right translations. The universal minimal system 971 = (M, T) is isomorphic to 
any minimal left ideal in Sj- and M is a closed semigroup with continuous right 
translations. Hence J = J(M) of idempotents in M is nonempty. Moreover, {f M : 
f G J} is a partition of M and every f M is a group with unit element v. Sometimes 
if there are chances being confusion then we will use M7- instead of M. 

The sets Sj- and M act on X as semigroups and S-j-x = Tx, while for a minimal 
system {X, T) we have Mx = Tx = X for every x G X. A necessary and sufficient 
condition for x to be minimal is that ux = x for some u E J . 

A. 5. All kinds of extensions. Two points Xi and X2 are called proximal iff 



r(xi,X2)nAx^0. 
Let Ux be the unique uniform structure of X, then 

P = P{X,r) = f]{ra:aeV(x} 
is the collection of proximal pairs in X, the proximal relation. 

Proposition A. 3. Let {X, T) he a system. Then 

(1) Xi, X2 are proximal in (X, T) iff pxi = px2 for some p G E{X, T). 

(2) If X G X and u is an idempotent in E{X,T), then {x,ux) G P. 

(3) If X E X , then there is an minimal point x' G 0{x, T) such that (x, x') G P. 

(4) // (X, T) is minimal, then (x, y) E P if and only if there is some minimal 
idempotent u G E{X, T) such that y = ux. 

The extension n : (X, T) — )> {Y, T) is called proximal iff i?^ C P iff P^ = f]{Ta fl 
Rtt : a G V(x} = R-K- TT is distal if P^^ = Ax. vr is a highly proximal (HP) extension if 
for every closed subset A of X with ti{A) = Y, necessarily A = X. It is easy to see 
that a HP extension is proximal. In the metric case an extension vr : (X, T) — )■ {Y, T) 
of minimal systems is HP iff it is an almost 1-1 extension., that is the set {y eY : 
7r~^(t/) is a singleton } is a dense Gs subset of Y . 

An extension vr : X — )■ F of systems is called equicontinuous or almost periodic if 
for every a G Ux there is /3 G Ux such that Ta H R,, (^ (3. 

In the metric case an equicontinuous extension is also called an isometric exten- 
sion. The extension tt is a weakly mixing extension when {R.„, T) as a subsystem of 
the product system (X x X, T) is transitive. 
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A. 6. Vietoris topology and circle operation. Let 2^ be the collection of nonempty 
closed subsets of X endowed with the Vietoris topology. Note that a base for the 
Vietoris topology on 2^ is formed by the sets 

n 

<Ui,U2,--- ,Un>={Ae2^ : AC[J Ui and A n ?7i ^ for every i}, 

i=l 

where Ui is open in X. Then (2^, T) defined by tA = {ta : a G A} is a system again, 
and 5*7- acts on 2^ too. To avoid ambiguity we denote the action of Sj- on 2^ by the 
circle operation as follows. Let p G Sj- and D G 2^, then define p o D = lim2x tiD 
for any net {tj}j in T with tj — )■ p. Moreover 

p o D = {x E X : there are di E D with x = limtidi} 

i 

for any net tj — )• p in S-j-. We always have pD C p o D. 

A. 7. Ellis group. The group of automorphisms of (M, T), G = Aut(M,T) can 
be identified with any one of the groups -uM {u G J) as follows: with a G uM 
we associate the automorphism a : (M, T) — )■ (M, T) given by right multiplication 
a{p) = pa, p G M. The group G plays a central role in the algebraic theory. It carries 
a natural Ti compact topology, called by Ellis the r-topology, which is weaker than 
the relative topology induced on G = -uM as a subset of M. 

It is convenient to fix a minimal left ideal M in Sj- and an idempotent -u G M. 
As explained above we identify G with -uM and for any subset A (1 G, r-topology is 
determined by 

drA = u{uo A) = Gn{uo A). 

Also in this way we can consider the "action" of G on every system {X, T) via the 
action of 5*7- on X. With every minimal system (X, T) and a point xq G uX = {x E 
X : ux = x} we associate a r-closed subgroup 

0(X, xq) = {a E G : axo = Xq} 

the Ellis group of the pointed system {X,Xq). 

For a homomorphism n : X ^ Y with 7r(a;o) = Vo we have 

&{X,Xo)C e{Y,yo). 

It is easy to see that -UTr'^d/o) = ^(X,yo)xo- 

For a r-closed subgroup F oi G the derived group H{F) = F' is given by: 

H(F) = F' = I I jcl^O : O is a r-open neighborhood of -u in F }. 

H{F) is a r-closed normal subgroup of F and it is characterized as the smallest 
r-closed subgroup H oi F such that F/H is a compact Hausdorff topological group. 
In particular, for an abelian T, the topological group G/H{G) is the Bohr compact- 
ification of T. 
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A. 8. Structure of minimal systems. Let tt : (X, T) — t- (Y, T) be a homomor- 
phism of mininial systems with xq E X and y^ = 7r(xo) € Y. We say that tt is a RIC 
(relatively incontractible) extension if for every y = pyo EY,pan element of M, 

7r"^(z/) =po UTc-'^{yo) =po Fxo, 

where F = &{Y, y^). One can show that the extension tt : X — )■ y is RIG if and only 
if it is open and for every n > 1 the minimal points are dense in the relation i?". 
Note that every distal extension is RIC. It then follows that every distal extension 
is open. 

We say that a minimal system (X, T) is a strictly PI system if there is an ordinal rj 
(which is countable when X is metrizable) and a family of systems {(VTt, Wt)}t<jy such 
that (i) Wq is the trivial system, (ii) for every t < rj there exists a homomorphism 
0t : VTt+i — ;• Wi, which is either proximal or equicontinuous (isometric when X is 
metrizable), (iii) for a limit ordinal v <ri the system W^ is the inverse limit of the 
systems {VF^Jki,, and (iv) VF^ = X. We say that (X, T) is a Pl-system if there 
exists a strictly PI system X and a proximal homomorphism ^ : X — )■ X. 

If in the definition of Pl-systems we replace proximal extensions by almost one-to- 
one extensions (or by highly proximal extensions in the non-metric case) we get the 
notion of HPI systems. If we replace the proximal extensions by trivial extensions 
(i.e. we do not allow proximal extensions at all) we have I system,s. These notions 
can be easily relativized and we then speak about I, HPI, and PI extensions. 

Theorem A. 4 (Furstenberg). A m,etric minim,al system is distal if and only if it is 
an I-system. 

Theorem A. 5 (Veech). A metric minimal dynamical system is point distal if and 
only if it is an HPI-system. 

Finally we have the structure theorem for minimal systems, which we will state 
in its relative form (Ellis-Glasner-Shapiro [7], Veech [28], and Glasner [13j). 

Theorem A. 6 (Structure theorem for minimal systems). Given a homomorphism 
IT : X ^ Y of minimal dynamical system, there exists an ordinal rj (countable when 
X is metrizable) and a canonically defined commutative diagram (the canonical PI- 
Tower) 




u+l 




Xr, — Xn 



Y =Y 



where for each v < rj^iij^ is RIC, p^ is isometric, 6^, ^* are proximal and vToo is 
RIC and weakly mixing of all orders. For a limit ordinal u, X^, Y^,, tt^, etc. are 
the inverse limits (or joins) of X^, Y^, vr^ etc. for l < v. Thus X^ is a proximal 
extension of X and a RIC weakly mixing extension of the strictly Pl-system Y^o. 
The homomorphism tCoo is an isomorphism (so that Xqo = Y^o) if and only if X is 
a Pl-system. 
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Appendix B. Proof of Theorem 14.31 

First we need the so-called Ellis trick in [13]. Refer to [131 Lemma X.6.1] for the 
proof. See [T7] for more discussions about weakly mixing extensions. Recall that M 
is the universal minimal set. 

Lemma B.l (Ellis trick). Let F be t closed subgroup of G acting on M by right 
multiplication, M x F — )• M, {p, a) ^-^ pa. 

(1) there is a minimal idempotent u G ^(M) fl F such that coF is F -minimal. 

(2) if V is a open subset of wF, then mtrc\r{V fl wF) ^ 0. 

Lemma B.2. Let it : {X, T) — )■ {Y, T) be a RIC weakly mixing extension of minimal 
systems and u G ^(M) be a minimal idempotent. Let x G uX, y = n{x). Then for 
all n > 2, any nonempty open subset U of U7r~^{y) and any transitive point x' = 
{x[, ■ ■ ■ ,a;^_i) G -R""^ with it{x'j) = y,j = 1,- ■ ■ ,n-l, we have T{{x'} x U) = i?". 

Proof Note that we have H{F)A = F, where F = &{Y,y),A = 0{X,x), since tt is 
weakly mixing. 

Claim: 

{ux'} X 'K-\y) C r({x'} X U). 

Proof of The Claim: Set V = {p & F : px E U}. Then ^ is a nonempty open set 
of F and by EUis trick we have V = int^cU(\/ n F) 7^ 0. By the definition of H{F), 
there exists a E F such that aH{F) C cl^-^. 
Since F = AH{F) = H{F)A, we have 



T[{x'} xU) 3 MO {{x'} xU)^uo {{x'} X Vx) 

3 {ux'} X u{u o V)x 3 {ux'} X u{u o (V n F))x 
= {ux'} X d^{V n F)x 3 {ux'} X clrVx 
D {ux'} X aH{F)x = {ux'} x aH{F)Ax 
= {ux'} X aFx = {ux'} X Fx. 
Since tt is RIC, we have u o Fx = TT^^{y). Hence 

r({x'} X U) Duo {{ux'} X Fx) = {ux'} X Ti'^{y). 
This ends the proof of the claim. 



Now it is easy to see that T({x'} x U) = i?". Let (xi, X2) G -R", where xi G -R""^. 
Since x' is a transitive point of -R"~^, there exists a p G Sj- such that px' = xi. Then 
X2 G T^^^ipy) = po TT^^{y). Thus 



(a;i,X2) G {px'} xpo-n~^{y) C T{{ux'} x 7r-i(y)) C T{{x'} x U). 



Thus we have R"^ = Ti{x'} xU). D 

Theorem B.3. Let vr : (X, T) — t- (F, T) be a RIC weakly mixing extension of 
minimal metric systems and y & Y . Then for all n > 1, there exists a transitive 
point (xi, X2, . . . , Xn) of -R" with Xi, 0:2, . . . , x„ G 7r^^(y). 
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Proof. It is obvious for the case when n = 1, since R^ = X. Now assume it is 
true for n — 1 (n > 2). Fix a transitive point x' = (xi, X2, • • • ,a;„_i) G -R"~^ 
with a;i,X2, . . . ,x„_i G 71^^(1/). Assume that y G uY for some minimal idempotent 
u G J(M). 

For each e > 0, define 



Ve = {x E u'K^^{y) : T{x',x) is e-dense in -R"}. 



It is easy to verify that V^ is open. Now we show that V^ is dense in u'n^^{y). For 

any A C X", 2 G X", 5 > 0, A ~ 2 is defined by p{z, z') < S, V2' G A. 

Now let {zi, Z2,- ■ ■ , Zn} be an e-net of i?", i.e. for each z E K^ there is some 2^ 
(j G {1,2,..., n}) such that p{z, Zj) < e. Let U be an open subset of wn'^^y). By 
Lemma [B. 2 [ T({a;'} x U) = i?". So there are some open subset Ui ^ U and ti G T 
such that ti({x'} x Ui) ~ 2:1. Again, by Lemma [R2l T({x'} x f/i) = K^. So there 
are an open subset U2 12 Ui and t2 E T such that t2{{x'} XU2) ^ Z2. ... Inductively, 
we have a sequence Ui 1) U2 12 ■ ■ ■ 12 Un (relatively open) and ti, . . . , t„ G T such 
that tj{{x'} X f/„) ~ Zj,Wj G {1,2, .. . ,n}. Hence Un C Vj. This means that V^ is 
dense in un~^{y). 



Let r = n^i ^i/n- Then F is a residual set of UTT~'^{y), and for all x G F, we 
have T(x', x) = K". In particular, there exists a transitive point (xi, X2, ■ ■ ■ , Xn) of 
i?" with xi, X2, . . . ,Xn & TT~^{y). The proof is completed. D 

References 

[1] J. Auslander, Minimal flows and their extensions, North-Holland Mathematics Studies 153 
(1988), North- Holland, Amsterdam. 

[2] J. Auslander and M. Guerin, Regional proximality and the prolongation, Forum Math., 9 
(1997), 761-774. 

[3] T. Austin, On the norm convergence of non- conventional ergodic averages, Ergod. Th. and 
Dynam. Sys., 30(2010), 321-338. 

[4] R. Ellis, Lectures on topological dynamics, W. A. Benjamin, Inc., New York, 1969. 

[5] D. Ellis, R. Ellis and M. Nerurkar, The topological dynamics of semigroup actions. Trans. 
Amer. Math. Soc, 353 (2001), no. 4, 1279-1320. 

[6] R. Ellis and W. Gottschalk, Homomorphisms of transformation groups. Trans. Amer. Math. 
Soc, 94 (1960), 258-271. 

[7] R. Ellis, S. Glasner and L. Shapiro, Proximal- Isometric Flows, Advances in Math 17, (1975), 
213-260. 

[8] R. Ellis and H. Keynes, A characterization of the equicontinuous structure relation, Trans. 
Amer. Math. Soc, 161 (1971), 171-181. 

[9] H. Furstenberg, Disjointness in ergodic theory, minimal sets, and a problem in Diophantine 
approximation, Math. Systems Theory, 1 (1967), 1-49. 
[10] H. Furstenberg, Ergodic behavior of diagonal measures and a theorem of Szemeredi on arith- 
metic progressions. J. Analyse Math., 31 (1977), 204-256. 
[11] H. Furstenberg, Recurrence in ergodic theory and combinatorial number theory, M. B. Porter 

Lectures. Princeton University Press, Princeton, N.J., 1981. 
[12] H. Furstenberg and Y. Katznelson, Idempotents in compact semigroups and Ramsey theory, 

Israel J. Math., 68(1989), 257-270. 
[13] S. Glasner, Proximal flows. Lecture Notes in Mathematics, Vol. 517, Springer- Verlag, Berlin- 
New York, 1976. 



34 Regionally proximal relation of order d 

[14] E. Glasner, Minimal nil-transformations of class two, Israel J. Math., 81(1993), 31-51. 
[15] E. Glasner, Topological ergodic decompositions and applications to products of powers of a 

minimal transformation, J. Anal. Math., 64 (1994), 241-262. 
[16] E. Glasner, Structure theory as a tool in topological dynamics, Descriptive set theory and 

dynamical systems (Marseille-Luminy, 1996), 173-209, London Math. Soc. Lecture Note 

Ser., 277, Cambridge Univ. Press, Cambridge, 2000. 
[17] E. Glasner, Topological weak mixing and quasi-Bohr systems, Israel J. Math., 148 (2005), 

277-304. 
[18] B. Host, Ergodic seminorms for commuting transformations and applications, Studia Math. 

195 (2009), no. 1, 31-49. 
[19] B. Host and B. Kra, Nonconventional averages and nilmanifolds, Ann. of Math., 161 (2005) 

398-488. 
[20] B. Host and B. Kra, Parallelepipeds, nilpotent groups, and Gowers norms. Bull. Soc. Math. 

France, 136 (2008) 405-437. 
[21] B. Host and B. Kra, Uniformity norms on l°° and applications, J. Anal. Math., 108 (2009), 

219-276. 
[22] B. Host, B. Kra and A. Maass, Nilsequences and a structure theory for topological dynamical 

systems. Advances in Mathematics, 224 (2010) 103-129. 
[23] B. Host and A. Maass, Nilsystemes d'ordre deux et parallelepipedes. Bull. Soc. Math. France, 

135 (2007) 367-405. 
[24] W. Huang and X. Ye, Dynamical systems disjoint from all minimal systems. Trans. Amer. 

Math. Soc, 357(2005), 669-694. 
[25] D. C. McMahon, Relativized weak disjointness and relatively invariant measures. Trans. 

Amer. Math. Soc, 236 (1978), 225-237. 
[26] T. Tao, Norm convergence of multiple ergodic averages for commuting transformations, Er- 

god. Th. Dynam. Systems, 28 (2008), no. 2, 657-688. 
[27] W. A. Veech, The equicontinuous structure relation for minimal Abelian transformation 

groups, Amer. J. Math., 90(1968), 723-732. 
[28] W. A. Veech, Topological systems. Bull. Amer. Math. Soc, 83(1977), 775-830. 
[29] J. de Vries, Elements of Topological Dynamics, Kluwer Academic Publishers (993), Dor- 
drecht. 
[30] T. Zicgler, Universal characteristic factors and Furstenberg averages. J. Amer. Math. Soc, 

20 (2007), 53-97. 

Department of Mathematics, University of Science and Technology of China, 
Hefei, Anhui, 230026, P.R. China. 
E-mail address: soiigsliao@ustc.edu.cn 
E-mail address: yexd@ustc.edu.cn 



